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ABSTRACT

In this paper, we have introduced the definition of
Double New General Integral Transform and some
properties. The theme of this paper is to give
introductory study of Double New General Integral
transform. The Double New General integral
transform is derived from New General integral
transform. It is useful for finding the integral
transform of functions of two variables. This work
includes some basic properties like shifting
property etc. of Double New General integral
transform.
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l. INTRODUCTION

Many researchers are attracted toward the
integral transform because of its simplicity and
accuracy about getting the results. The origin of the
research transform can be traced back to calibrated
work of P.S. Laplace and Joseph Fourier.
Transforms have been successively used since
1780’s. [11] Since then they play an important role
in many fields of sciences and Engineering. Many
integral transforms such as Laplace transform [11],
Sumudu transform [21], Aboodh transform[1],
Elzaki transform[19], Maghoub transform[23],
Natural transform[3] and Kamal transform [8] have
been developed by many academicians to solve
ordinary differential equation, partial differential
equations, integral equations, integro-differential

equations, system of differential equations,
fractional differential equations, boundary value
problems.

Many researchers used these integral
transforms in various fields. Recently the author
Patil has used Sawi transform in Bessel’s function
[12]. Mahgoub transform is used by same author in
parabolic boundary value problems [13]. Sawi
transforms of error function is used form evaluating
improper integrals [15] Laplace and Shehu
transform is used in chemical sciences [16]

Mohand Omer Eshag studied double
Laplace transform and double Sumudu transform
[14]. Dualities between Double Laplace transform,
Double Elzaki transform, Double Kamal transform,
Double Mohand transform, Double Mahgoub
transform, Double Sumudu transform, Double Sawi
transform and Aboodh transform has been studied
by D. P. Patil [9, 11] in 2020. Double Laplace and
Double Sumudu transforms are used by Patil to
solve the wave equation [10] Parabolic boundary
value problems are solved by using Mahgoub
transform by Patil [14]. Double Natural transform
have been studied by Kilicman, Adem, et al. [2].

This paper is organised as follows. In
second section we state definitions of some integral
transforms, definitions and formulas for general
integral transform. In third section we have defined
double integral transform and state and proved
some properties. Fourth section is devoted to the
relations of double new general integral transform
with other double integral transforms. Formulae of
some elementary functions are derived in fifth
section. Conclusion is drawn in sixth section.

II.  DEFINITIONS OFSOME INTEGRAL TRANSFORMS
If f(t) be a function of exponential order a then we define the following transforms

Laplace transform [11]

L{f(D)} = f wf(t)e‘“tdt
0]

Sumudu transform [11]

S{f(H)} = % f wf(t)e_t/Udt
0

Elzaki Transform [19]

E{f()} = u f wf(t)e_t/Udt
0
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N T f 1r” s
atural Transform [3] N{E(D} = R(s,u) = Hf f(t)eTtdt
0

1 o0
Aboodh transform [1] Aff(D)} = Gf f(t)eu dt
0

Mohand transform [22] MO} = o7 fwf(t)e—utdt
0

Mahgoub transform [23] MO = o foof(t)e—ut N
0

i transform [1 L
Sawi transform [15] Sa{f(1)]} = F_{ f(t)e—udt
0

Kamal transform [8]

K{f(O)} = f Oof(t)e_t/u dt
0

a-integral transform [25] L {f(0} = fow £(0) e—(ul/a)tdt' a>0,u€R
Pourreza transform [17] HIO) = u fwf(t)e_UZt gt

0
G_transform [18] G{f(D} = u [ f(t)e~/udt, where ais an integer.
l[\;tiw general integral transform TEO) = p(s) fwf(t)e_q(s)tdt

0

2.1 Definition of New General Integral Transform [7].
Let f(t) be an integrable function defined for t = 0,p(s) # 0 and q(s) are positive real valued functions then
the general integrable transform T (s) of f(t) is defined by

Tvan=mgﬁfuywmut

Provided that the integral exists for some q(s).
Formulae for New general integral transform

Function f (¢t) New integral transform T'(f (t)) = T (s)
1 PG
q(s)
t p(s)
(4()"
t* I'(a + 1)‘111(15) 00
(¢()
sint p(s)
(q(s))2 +1
sin at ap(s)
(q(s))2 + a?
cost p(s)q(s)
(q(s))2 +1
et p(s)
-1 19>1
f'(@®) q(s)T(s) —p(s)f(0)

1. DOUBLE NEW GENERAL INTEGRAL TRANSFORM
3.1 Definition of the Double new general integral transform
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Let f(x,y) be an integrable function defined for the variables x and y in the first quadrant,p;(s) # 0,
p2(s) # 0 and q;(s), q,(s) are positive real functions; we define the Double new general integral transform
T,{f (x,y)} by the formula

LY@ =TE =) [ | e @OmnONs e, yaxdy
0 Y0
Provided that the integral exists for some g1 (s), g2 (s).

3.2 Properties of Double new general integral transform:
a) Linearity property:

To{af (x,y) + bg(x,y)} = aTo{f (x,y)} + bTo{g(x, )}
L.H.S.= Ty{a f(x,y) + b g(x,v)}

=) [ [ e N a f ) + b gl y)ax dy
0 Jo
=p,(8)p,(s) (fwfwe—(q1(s)x+qz(s)y) a f(x,y)dx dy + fwfwe—(m(s)xwz(s)y) b g(x,y)dx dy)
0 Jo 0 Jo
= p,(8)p,(s) <aJ-wJ-we—(q1(S)X+qz(S)y) f(x,y)dx dy + b foo fwe—(ql(S)qu(S)y) g(x,y)dx dy)
0o Jo 0 Jo
~a(pw [ [ e e paxay)
0o Jo

+b<p1(S)P2(5) f f e~ @O g(x y)dx dy)
0 0

= aT,{f(x,y)} + bT,{g(x,y)}
=R.H.S.

b) Shifting property:
If T, {f (x,y)} = T(s) then
To{e™@*™f (x,y)} = T(s,a,b)
Thatis To{e™ @™ f(x,y)} = p1(Ipa(s) [y [y e @O+ f(x, y)dx dy
L.H.S.= T,{e @) f(x,y)}
=p,(8)p,(s) fo“’ fowe—(ql(s)X+qz(s)y)e—(aX+by)f(x, y)dx dy

=p1(s)p2(s)f fe_(ql(s)x+q2(s)Y+“"H’y)f(x,y)dx dy
0o Jo

=1 ()pa(9) [y J; e (OOt @ODWIf(x, yydx dy
=R.H.S.
c) Change of scale property:
If T,{f (x,9)} = T(s) then T, {f (ax, by)} = - T(s,a,b)
L.H.S.= T,{f(ax, by)}

=p1(s)p2(s)f fe_(ql(s)’”qZ(s)”f(ax,by)dxdy
0o Jo

Substituting ax = u and by = v in the above equation

Henceasx - 0, u > 0andy —» 0,v —» Oalsoas x > o, u > wandy - o, v > ©
adx = du = dx =" and bdy = dv = dy ==

©re_ u v du dv
@ L.H.S.= py(s)p,(s) f f e (1O a®5) s v)——
0 0

= — 2 ©pas) f: Jj oA
oo [ [
0 J0

= ﬁ [p1($)p2(s) fooo fooo e~ urr2(I) £ (y, p)du dv], where r; (s) = 1O ang r5(s) = qzbﬁ

a
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1

=— T(s,a,b)
ab

=R.H.S.

IV. RELATION BETWEEN THE DOUBLE NEW GENERAL INTEGRALTRANS FORM
AND OTHER DOUBLE INTEGRALTRANSFORMS.
i) If p1(s) = 1,p,(s) = 1,q,(s) = uandq,(s) = v then the Double new general transform gives the
Double Laplace transform [4].

i) If p;(s) = i,pz (s) = ,ql (s) = —andqz (s) == then the Double new general transform gives the
Double Sumudu transform [5, 20]

iii) If p1(s) = w,pr(s) = v,q.(s) = iandqz (s) = %then the Double new general transform gives the
Double Elzaki transform [6].

iv) If p1(s) = %,pz (s) = % q,(s) = %andqz (s) = %then the Double new general transform gives the
Double Natural transform [2].

V) If pi(s) = %,pz (s) = % q1(s) = u andq,(s) = v then the Double new general transform gives the

Double Aboodh transform [9].
vi) If p; (s) = u?,p,(s) = v%,q,(s) = u andq,(s) = v then the Double new general transform gives
the Double Mohand transform [9].
vii) If p1(s) = u,p,(s) = v,q,(s) = uandq,(s) = v then the Double new general transform gives
the Double Mahgoub transform [9].

viii) If p1(s) = ul—z,p2 (s) = Ul—z q:1(s) = ianalq2 (s) = %then the Double new general transform gives

the Double Sawi transform [24].

iX) Ifp;(s) = 1,p,(s) =1,q,(s) = %andqz (s) = %then the Double new general transform gives the
Double Kamal transform [9].

V. FORMULAE OF SOME ELEMENTARY FUNCTIONS
In this section we shall derive some formulae for some elementary functions by using double new general
integral transform.
Formula5.1
If f(x,y)=1forx>0andy >0

T,{1} = pl(s)pz(s)f f e~ @1©x+a2()) gy dy
0o Jo
=P1(5)p2(5)f j e 1 e=02)y gy gy
0 Jo
= p1(s)p2(s) (J- e"q1()x dxf e~ 12(8)y dy>
0
e q1(s)x e~ 127\
cromol) (55
PPN Z®) L\ Fe®) L,

=) (¢ )(qz@)
_ p1(s)pa(s)

B q1(s)q2(s)

Formula 5.2
If f(x,y) = expiax + by)

To{expifax + by)} = p1(s)p2(s) f J’ e~ @O H a2ty dydy
0 J0

=P1(S)P2(S)f fe—(q1(s)X+qz(s)y—ax—by)dx dy
0o Yo
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= p1()p2(s) f f e~ (@ ©)-Dx=@2()-D) gy gy
0 J0
= p1($)p2(s) ( f e~ (@1()-a)x gy f e~(@2($)=b)y dy)
0 0

e~ (@1(s)-a)x e~ (@2()-b)y \*
=p1(s)p2(s) ( ) < )
x=0 y=0

—(q1(s) —a) —(q2(s) — b)
1 1
=PuS)pas) (‘h(s) - a) (qz (s) - b>
p1(s)p2(s)

T (@) —a)(@() - b)

Formulas.3
If f(x,y) = exp(iifax + by))

T, {explifi(ax + by))} = p1(s)p2(s) f f e~ O i@ +hy) gy gy
0o Jo
=P1(5)P2(5)j f e~ (@ x+aa(S)y—iax—iby) gy gy
0 Jo
= P1(5)P2(5)f f e~ (@1 x=(a2()=1b)y gy gy
0 Jo

=0 (S)pz (S) <f e_(ql(s)_ia)x dx f e‘(Qz(S)—ib)y dy)
0 0

0 o0

e~ (q1(s)—ia)x e~ (@2(s)=ib)y
o (S (o
x=0 y=0

—(q:1(s) — ia) —(qz(s) — ib)
1 1
= P1(P2() (q1 (s)— ia) (qz (s) — ib)
_ p1(s)p2(s)
(q1(s) — ia)(q2(s) — ib)
Formula5.4

If f(x,y) = coshiiax + by)
T,{coshifax + by} = p;(s)p,(s) f f e~ @142 coshiifiax + by)dxdy
0o Jo

e (ax+by) +e —(ax+by)

= P1(5)P2(5)f f e—(q1(5)x+qz(5)y)< > )dx dy
0 Jo

- %m(S)pz(s) f f (= @1@x+020) g axhy) | o=@r(Ix+a26)g=(ax+6)) e ly
0 Y0

Z%(M(S)pz(s)f f e~ (@1()x+q2()y) g (ax+by) gy dy+p1(5)pz(5)f f e~ (@1()x+q2(8)y) p—(ax+by) g, dy)
0 Jo 0o Jo

1
=5 (Ty{expiax + by)} + T,{expifi—ifax + by))})
_ l( p1(s)p2(s) + p1(s)p2(s) )
2\(q:1(s) = a)(q2(s) =b) ~ (q1(s) + a)(q2(s) + b)
Formula5.5

If f(x,y) = sinhifax + by)
T,{sinhifax + by} = p;(s)p,(s) f f e~ O+ sinhifax + by)dxdy
0o Jo

= pu(s)py(s) f j e—(ql(s>x+qz(s)y)<
0 Y0

e(ax+by) _ e—(ax+by)

2

>dx dy
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= %m(s)l’z (S)J- J- (e~ (11Ix+q2()y) plax+by) _ o=(q1(x+a2()y) g —(ax+by)yqy gy
0o Jo

= %(m(s)l’z(s)[ J- e~ (@1()x+q2(s)y) o (ax+by) g, dy—Pl(S)Pz(S)f f e~ (@1()x+q2(8)y) g —(ax+by) 4, dy)
0 Jo 0 Jo

1
=5 (Ty{expifax + by)} — T,{expiti—ifax + by))})
1( p1(s)p2(s) p1(8)p2(s) )

" 2\@1() — (@) —b)  (@1() + @) (q2(s) + b)

Formula 5.6
If f(x,y) = cosifax + by)

Ty{cosifax + by} = p1(s)p,(s) f f e~ +260) cosiifiax + by)dxdy
0o Yo

= p,(5)py(5) f f e—(ql(s)x+qz(s)y)<
0 Y0

= %Pl(s)pz (S)J J (e~ (1) +a2()y) pilax+by) 4 p=(q1()x+a2()y) o =ilax+by)y gy gy
0o Jo

- 1<p1(5)p2(5)J J o~ (@)X +a2(5)) pilax +by) gy dy+p1(s)p2(s)j j e~ (@)X +a2(5)y) g —iax +by) gy dy)
0 J0 0 0

ei(ax+by) + e—i(ax +by)
2

)dx dy

2
1
=5 (Ty{expifiifax + by))} + Tr{expif—iifax + by))})
1( p1(8)p2(s) p1(8)p2(s) )

" 2\(@ () — i@)(q2(s) — ib) " (q1(s) + ia)(qz(s) + ib)

Formula 5.7
If f(x,y) = sinifax + by)

T {sinffax + by} = p,(s)p,(s) f f e~ &+ sinifax + by)dxdy
0o Yo

= p,(5)py(s) f f e—(ql(s)x+qz(s)y)<
0 Y0

= ipl(s)pz(s)j j (e~ n1)x+az()y) gilax+by) _ o=(@1()x+42(5)y) =ilax+by)y gy gy
0 Jo

ei(ax+by) _ e—i(ax +by)

2i

)dx dy
2i

- %(pl(S)pz(S)f f e~ @I OTHEON) gilex +00) gy dy
0 Yo

— Pl(s)Pz(S)f f e~ @1()x+q2(s)y) g—i(ax+by) g dy)
0 J0

1
= Z(Tz{expi?@'(ax + by))} — To{expifii(ax + by))})
_1 ( P1(s)p2(s) B p1(s)p2(s) )
2i\(q1(s) —ia)(qz(s) —ib) (g1 (s) +ia)(qz(s) + ib)

Formula 5.8
Iff(x,y) =(xy)" ,n>0

TG} = p1 ()P (s) f f e~ OO0 (xy)n dxdy
0 0

= p@ps) [ [ enOrentrany dxdy
0 0

= <P1(5)f e 1 (S)xxn dx) (Pz(S)f e 9265 yn dy)
0 0

=T{x"}T{y"}
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(F (n+ Dp, (S)) (F (n+ Dp, (S))
q,(s)"*t g2 (s)"+!
_(r@+ 1) pi6)pa(s)
(‘h(s)‘h (S))nH

Formula 5.9
Iff(x,y)=x"y", m>0n>0

Tz{xmyn}=P1(S)P2(5)J- f6_(q1(s)x+q2(s)y)xmy"dxdy
0 Jo

= (pl(s)f e~ q1(s)x ym dx) <p2(s)f e—qz(s)yyn dy)
0 0

_ (F(m + Dp, (S)> (F(n + Dp, (S)) S0
q(s)m*! q2(s)"+! '
_I(n+ DI+ Dp; ($)pa(5)
(@)™ (@)™
The above formulae are summarised in the following table.
Function f (x,y) Double New integral transform T, {f (x, y)}
1 p1(s)p2(s)
q1(s)q2(s)
expiax + by) p1(s)p2(s)
(q1(s) = a)(q2(s) — b)
exp (iifax + by)) P1(s)p2(s)
(91(s) — ia)(q2(s) — ib)
coshifax + by) 1 ( p1(8)p2(s) + p1(8)p2(s) >
2\(q1(s) = a)(q2(s) = b) ~ (q1(s) + a)(q2(s) + b)
sinhifiax + by) 1( PP pp) )
2\(q1(s) —a)(q2(s) = b)  (q1(s) + a)(q2(s) + b)
cosiifiax + by) }( P1(s)p2(s) N P1()p2(s) >
2\(q:1(s) —ia)(q2(s) —ib) = (qi(s) + ia)(qz(s) + ib)
sinifax + by) 1 ( p1(s)p2(s) _ p1(s)p2(s) )
2i\(q1(s) —ia)(qz(s) —ib)  (q1(s) + ia)(q2(s) + ib)
2
Gy >0 (rn+1) pl(sgff(s)
(Ch QL (S))
xmy™ m>0n>0 rm+ Drn+ Dp(s)p2(s)
(Ch (5))m+1(QZ (S))n+1

VI. APPLICATION
Theorem 1 Let f(x,y) be a function of two variables. If the first ordered partial derivative % and % exists and
£(0,y) be given.p;(s), p2(s), g1 (s) and g, (s) are positive real functions then
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of
1 {2 o} = -mOTH O + 6 TG )
where T{f (0, y)} is the new general integral transform of the £ (0, y)
Proof:T, {% (x, y)} = p,(s)p,(s) fow fow% e~ (@142 gy gy

o0 ooa
=p,(s)p, (s)f (J- _fe—ch(S)xdx) e~ 120 dy
o \Jy Ox

= P1(S)p2(5)f (e_ql(s)xf of dx —f (“h(s)e_‘“(s)xf of dx) dx) e~ 1200 dy
0 o 0x 0 o Ox

= p1(8)p2(s) f ((—f 0,9) + q1(s) f e N f (x.y)dx) e~ 120 gy
0 0
= P ()p2(s) f £(0,5) e 2 dy + py ()2 ()41 (5) f f e~ @EOHEON £ (x, y)dx dy
0 0 0

= —p1(5) (pz(S) fo f (O.y)e‘““)ydy> +q:(s) <P1(S)P2 (s) fo fo fx,y)e @ x () gy dy)
= =1 T (0,1} + g1 ()T {f (x, )}

Theorem 2 Let f(x,y) be a function of two variables. If the first ordered partial derlvatlve and I eXIsts and
f(x,0) be given. p;(s), p,(s), q1(s) and g, (s) are positive real functions then
of
T {5 o)} = =PI (6, 00} + 42 (OTalf ()}
where T{f (x, 0)} is the new general integral transform of the f (x, 0)
Proof:T, {2 (x, )} = pi($)pa(s) J; fy S e @+ ax dy

_pl(s)pz(s)J <j —e qz(S)ydy>e q1()x g5

d ® ® 9
= p1(8)p2(s) f (e‘qz(s)y f O 4y - f (—qz(s)e“h(s)y f o dy) y>e—q1(5)xdx
0 ay 0 0 6}/‘

=p O [ ((—f(x. )+ 0,(®) [ e s y)dy> e gy
0 0
= —p (P25 f £, 0) e~ 1% dx + py ()ps ()2 (s) f f e~ MO (x, ) dx dy
0 0 0

= —p(s) <p1(s) | f(x,O)e““(S)"dx)+qZ(S) (m(s)m(s) | | feepemoreona dy)
= BT 0} + RO (1)

Example Solve the partial differential equation % = % with the initial conditions
f0,y)=y,f(x,0) = x.

Solution: Let % = % Applying double new general integral transform we get

e R L 1eR)

= —piOTH 0,9} + a1 ()T {f (. ¥)} = —p2 (S)T{f(x, 0)} + q2($)To{f (x,¥)}
= 1T+ G ()TAf(x,y)} = —p2()T{x} + g2 ()T {f (x, y)}

PZ(( ))2 + @1 ()T (. 1)} = —p2(s) pl(( )) + ()T {f(x, ¥)}

= TG (5) — a2(5)) = ) PP

1 1
= T {f (6, 1)} q1(5) — q2(8)) = p1(s)p2(s) (W - W)
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= To{f(x, J’)}(‘h(s) —q (5)) = p1()p2(s) (

q1 (5)2 —q2 (S)2>

©ps() Ch(S)ZQZ(S)Z
_ P1(S)p2(S
= T2 {f(X, Y)} - a0 (ng)qz ((S))Z (Ch (S)(-; qZ((S)))
Cpi®)P2(s) | pi(S)p2(s
= B} = 9607 T 1 00E

> f(xy)=x+y

VIlI. CONCLUSION:

In this paper we have defined the double general
integral transform and related it with other general
integral transform successfully. We also applied
double general integral transform to some problems
and obtained the results successfully.
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