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ABSTRACT

In this paper, we studied three new
operations on bipolar fuzzy graph; namely direct
product, semi strong product and strong product.
Also, we give sufficient condition for each one of
them to be complete. Finally, we studied product
bipolar fuzzy graphs. Bipolar fuzzy graph as solved
in Direct product, Semi strong product, Strong
product and also solved the sufficient condition for
each one of them to be complete. We also discuss
some Propositions of self complementary and self
weak complementary strong bipolar fuzzy graphs.
Key words

Fuzzy Relation, Crisp Graph, Direct sum,
Strong bipolar fuzzy Graph, Strong product of two
bipolar fuzzy Graph, Complement.

PRELIMINARIES OF BIPOLAR FUZZY
GRAPHS

In this section, we first review some definitions of
undirected graphs that are necessary for this paper
Definition-1:

By graph, we mean a pair G* = (V, E),
where V is the set and E is a relation on V. The
elements of V are vertices of G* and the elements
of E are edges of G*. We write x y € E to mean {x
vy} eE;and ife =xy € E; we say x and y are
adjacent. Formally, given a graph G* = (V, E), two
vertices x, y € V are said to be neighbors, or
adjacent nodes, if x y € E: The neighborhood of a
vertex v in a graph G* is the induced sub graph of
G™* consisting of all vertices adjacent to v and all
edges connecting two such vertices. The
neighborhood is often denoted N(v).

Definition-2:

The degree deg (v) of vertex v is the
number of edges incident on v or equivalently, deg
(V) = |N(v)|. The set of neighbors, called a (open)

neighborhood N(v) for a vertex v in a graph G*,
consists of all vertices adjacent to v but not
including v, that is N(v) = {u € V| vu € E}: When
v is also included, it is called a closed
neighbourhood NJ[v], that is, N[v] = N(v) U {v}. A
regular graph is a graph where each vertex has the
same number of neighbors, i.e., all the vertices
have the same open neighborhood degree.

Definition -3:

A fuzzy set A on a set X is characterized
by a mapping m : X —[0,1], called the membership
function. A fuzzy set is denoted as A = (X, m) . A
fuzzy graph & = (V, o, p) is a non-empty set V
together with a pair of functions ¢ :V —[0,1] and p
'V xVV —[0,1] such that for all u, v € V, p (u, v) <
o (U) A o (V) (here x Ay denotes the minimum of x
and y ). Partial fuzzy sub graph &' =(V, t,v) of &
is such that T (v) <o (v) forallve Vand p (u,v) <
v (u,v) for all u, v € V. Fuzzy sub graph & " = ( P,
o', 1) of &issuchthat P €V, o(u) = o (u) for all
UeP,pu'(uv)=p(u,v)forallu veP.

Definition -4:

A fuzzy graph is complete if p (u, v) =o
(u) A o (v) for all u, v € V. The degree of vertex u
is d (U) = X (uv)ez H(u, v). The minimum degree of &
is 8 (&) = A {d (u) | ueV}. The maximum degree of
Eis A (&) =V {d (u) | ueV}. The total degree of a
vertex u € Vis td (u) = d(u) + o(u) .

Definition -5:

A fuzzy graph & = (V, o, p) is said to be
regular if d(v) = k, a positive real number, for all
VEV . If each vertex of & has same total degree K,
then & is said to be a totally regular fuzzy graph.
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Definition- 6:

A fuzzy graph is said to be irregular, if
there is a vertex which is adjacent to vertices with
distinct degrees. A fuzzy graph is said to be
neighbourly irregular, if every two adjacent
vertices of the graph have different degrees.

Bipolar fuzzy graphs
Definition 1.1

A fuzzy graph with V as the underlying
set is a pair G = (o, p), where o:V — [0, 1] isa
fuzzy subset and p : V x V — [0, 1] is a fuzzy
relation on o : u(x, y) < o(X)A o(y) for all x, y e V
where A stands for minimum. The underlying crisp
graph of G is denoted by G* = (¢ *, u*), where ¢ *
={xeV:ox)>0}and px = {(X, y) EV x V:
wx,y)>0}H= (o', n) isafuzzy sub graph of G
if there exists X € V such that, ": X — [0, 1] is a
fuzzy subset and p': X x X — [0, 1] is a fuzzy
relation on 6”: P’ (X, Y) <o6'(X) Aco'(y) and 6'(X) <o
(%), WX, y) < u(x, y) for all x,y € X.

Definition 1.2

Two fuzzy graphs G; = (o1, ) and G, =
(02, 2) are isomorphic if there exists a bijection h :
V1 — V; such that o4 (x) = o, (h(x)) and i (X, y) =
w2 (h(x), h(y)) for all x,y € V., where V, and V, are
the set of vertices of the underlying graphs of G,
and G, respectively. The main objective of this
paper is to study of bipolar fuzzy graph and this
graph is based on the bipolar fuzzy set studied
below.

Definition 1.3

Let X be a non-empty set. A bipolar fuzzy
set B in X is an object having the form B = {(x, p?
(X), (X)) | x € X}, where pP : X — [0, 1] and p~ :
X — [-1, 0] are mappings.

Definition 1.4

Let X be a non-empty set. Then we call a
mapping A = (uj , uf) : X x X — [-1, 1] x [-1, 1]
a bipolar fuzzy relation on X such that uf (x, y) €
[0, 1] and u¥ (x,y) € [-1, O].

Definition 1.5

Let A = (uy,uy) and B = (ug,up) be
bipolar fuzzy sets on a set X. If A = (uf ,u}) is a
bipolar fuzzy relation on a set X, then A = (uf , u¥)
is called a bipolar fuzzy relation on B=
(up ,uf) if ph (x,y) < min (uf(x), up(y)) and
il (%, y) = max (ug (x), ug(y)) for all x, y € X. A
bipolar fuzzy relation A on X is called symmetric if
iy (%, y) =y (y, x) and
u (x,y) = ul (y, x) forall x, y € X.

We denote G* as a crisp graph, and G as a bipolar
fuzzy graph.

Definition 1.6

A bipolar fuzzy graph of a graph G*=
(V,E) is a pair G = (A,B), where A = [uf ,ul]is a
bipolar fuzzy set in V and B = [u}, , u}§] is a bipolar
fuzzy set in V2 such that ub(xy) < min {uf(x),
ua(y)} for all x y € V2, uff (xy) = min{uff (x), uff
(Y)} for all x y € V2 and uf (xy) = u (xy) =0 for
allxy ee V> —E.

Definition 1.7

The complement of a strong bipolar fuzzy
graph G = (A,B) of a graph G*= (V,E) is a bipolar
fuzzy graph G = (A,B) of G* = (V,V x V),
where A = A =[u},ul] and B = [uf, ud] is
studied by wi (xy) = min (i (%), 1h (¥)) = ui (xy)
forallx,y € V, xy € V2, ul (xy) = max (i} (x),
u (y)) — ul(xy) forallx,y € V,xy € V2,
Definition 1.8

Let Gy= (44, B;) and G,= (4, B;) be two
bipolar fuzzy graphs. A homomorphism f from G,
to G, is a mapping f : V; — V, which satisfies the
following conditions:
(@) par (1) < ph (1)), 1z (er) > wlly (F(x4)),
(0) uby (c,y1) < uba(f(x)f(n)), 1{11¥1(x1}’1) Z
12 (FQx, )f(y1)), for all x; € Vi, x;y; € V3.
Definition 1.9

Let G, and G, be the bipolar fuzzy graphs.
An isomorphism f from G;to G, is a bijective
mapping f : V; — V, which satisfies the following
conditions:
(©) w1 (x1) = o f ((x)), whl1 (1) = il (F(x1)),
(d)  ppi (e, y0)= uha(fle)f(n)), #51(951}’1) =
1B (f(e)f()), for all x; € V4, 21y, € V3.

Definition 1.10
The semi-strong product of two fuzzy

graphs Gy=(oy,u4) with crisp graphs G; = (V4,E;)
and G, = (oy,uy) with crisp graph G; = (V,,E;)
where we assume that V;NV, = @ , is studied to be
the fuzzy graph G;* G, = (07 * 0y, (g * py) with
crisp graph G* = (V; x V,, E) such that
E = {(u v)lu v2) | u eV, (v, v €
Eziu{(uuﬁ)( Uz, V2) | (U1, uz) € Ey (vq,v2) €

24
(g1 * 73)(u, V) = g1(u) A gy(Vv), for all (u, v) € IV} x
Vs,
(1 * p12)((u,v1)(U,v2)) = 03 (U) A g (v, v2) @nd
(Hl)  t2)((ug, vi)(ug, v2)) = g (Ug,uz) A pp (v1,
vy).
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Products on Bipolar Fuzzy Graphs
Definition 2.1
The direct product of two bipolar fuzzy
graphs G;= (A;,B;) and G, = (A,,B,) with crisp
graphs G{ = (V4,E;) and G5 = (V,,E,), respectively
where we assume that V;NV, = @, is studied to be
the bipolar fuzzy graph GiNG,= (411 A,,
B; M By)with crisp graph G* = (V;x V,, E) where, E
= {(u, vi)(uz, v2) | (w1, wp) € Eq, (v1, v2) € Er},
c v x VZ,
(i) (uhr M uf) (U, V) = g (U) A ph(v), forall (u,
V) EVi XV,
(11 1 ) (U, V) = iy (U) V g (V)

(i) (b1 pp2) ((ug, v1)(uz, v2)) = uh (ug, uz) A
tg2 (vy, v2),

(g1 ugz) ((wy, v1)(uz, v3)) = s (ug, up)
V o (v1, 1),
(i) (ub M phz) (W, X)(Y, 2) = 0 = (ufi N uf2)(W,
XY, 2) -

for all (w, x) (y, z) € (V; x V2, —E).

Theorem 1.1
If G; = (4,,B;) and G, = (4,,B,) are
strong bipolar fuzzy graphs, then G, G, is strong.
Proof. If (u;,v;) (uy,v,) € E, then since G; and
G, are strong we have
(1511 uh2) (g, v1)(Uz, 1)) = upr(ug up)
A o (vy v5)
= whi(ug) A i (up) A paa (1) A po (v2)
= (i M paz) (wy, v1) A (a1 ) (U2, v7).
(ug1m ) (ue, v1) (g, v2)) = py (ug up)
V g (vy vy)

i (ui) V s (up) v plfy (1) A plfy (v2)

= (i1 M ) (wr, v1) V (i Mgl ) (g, ).
Now, semi-strong product between two bipolar
fuzzy graphs is studied as follows. This product is
helpful to construct certain bipolar fuzzy graphs.

Definition 2.2

The semi-strong product of two bipolar
fuzzy graphs G;= (4,,B;) of Gy = (V;,E;) and
G, =(A,,B;) of G;= (V,,E,), where we assume that
VNV, = @, is studied to be the bipolar fuzzy graph
Gi* Gy = (A1°4z, Bi*By) of G* = (V1x V3, E),
where
E={(uv)u,v)u€eV (v, vy) € E;} U {(u,
v1)(uz, v2) | (ug, v1) € By,
(up, v)) EE, Y C Vg X V2,
(i) (h1® mi)(UV) = iy (U) A s (v), for all
(u,v) EVyx 1,
) (1a1® 1A2)(U, V) = pily (U) V il (V)
(ii) (b1 * pba )(w, v1)(w, v2)) = py (U) A
t2 (v1, v2),

( ugre 1) ((w, v)(u, vp)) = why (U) v
.“gz (Ul! vZ)l
(iif) (b1 * ub2)((ur, v1)(uz, 12)) = phi(uy
uz) A gy (V4 1),

(g1 * 131 )((ug, vi)(uz, 1)) = pgy (U up)
V g, (vq v3).
(iv) (up1 * Bb1 YW, X)(y, 2) = 0 = (ug;*
nu'gZ) (W! X) (yl Z) .
for all (w, X) (y, 2) € (V; X V#,—E).

Theorem 1.2
If G;=(A4,B;) and G, = (4,,B,) are strong
bipolar fuzzy graphs, then G;+ G, is strong.
Proof: If (u,v;) (u,v,) € E, then
(b1 * BE)((U 1)U v2)) = phi(U) A
ACE)
= why (U) A pha(v1) Ay (v2)
= (uh * az) (U, v1) A (fy * pho) (U, vy).
If ((uq,v1) (uy, v,)) € E, then since G; and G, are
strong.
(b1 * up2) (Wi, v1)(uz, v2)) = upy(uy
uy) A pha(v1 v7)
= ph1 (ug) A phy (uz) A i, (v1)A ()
= (uh1 * taz) (ug, v1) A (hy * 1) (U, v7).
Similarly, we can show that
(ud e ug2) (U v 1)) = (i * uh)
(u, v1) V (i * 1)U v2)
if (u,v;)(u,v,) EEand
(ug1s wp2)(w, vi)(up, 1)) = (ufy
i) (ug, vi) V (s * ) (uz, v2)
if (uq, v1)(uy, v;) €EE.
The strong product between bipolar fuzzy graph is
an important construction of bipolar fuzzy graph
as it contains an edge between every pair of
vertices.

Definition 2.3
The strong product of two bipolar fuzzy

graphs G,= (A;,B,) of Gi = (V1, Ey)
and G, = (A,,By) of G, = (V,, E;), where we
assume that ;NV, = @ , is studied to be the bipolar
fuzzy graph G;® G, = (4; ® A,, B; ® B,) of G*
= (V1% V5, E), where
E={{ v)u v;) |ueV, (@, ek}
{(ugW)(uz, W) | | W € Vy, (u1, up) € E1} U {(uy,
vi)(uz, vp) | (U1, up) € Ei, (v1, v) €
E}cV; X V2,
(i) (i1 ® paz) (U, v) = i (U) A pia (v), forall (u,
V) EVixV,

(s ® mitz) (U, v) = w1 () V ey (V)
(ii)) (151 ® i) (U v1)(U v2))= iy (WA po (v,
V2

)(u%@ ug2) ((Uvr) (U))= wffi(u) A pgo(vy,
v
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(i) (ufh1 ® mp2) (WrW)(uzW) = php(w) A
#gl (ulr uZ)r

UB1® 12) (wr,w) (uz,wW)) =ufr(W) A pgy
(u1, up),
(V) (b1 ® uba) (w1, v1)(uz, v2)) = ppy (w, up)
A iy (v1,2),

(1@ 1) (wr, v1)(uz, v2)) = ugy (W, uy)
V g, (v1,v2)
(V) (up1 ® upz) W, X) (v, 2) =0 = (up1 @ up,)
(W, %) (v, 2) L

for all (w, x) (y, z) € (V; X V#,—E).
The following example illustrates that strong
product of bipolar fuzzy graphs is another bipolar
fuzzy graph where between every pair of vertices,
there exist an edge.

Theorem 1.3
If G = (A1,B;) and G, = (A,,B,) are
complete bipolar fuzzy graphs, then G; ® G, is
complete.
Proof. As strong product of bipolar fuzzy graphs is
a bipolar fuzzy graph and every pair of vertices are
adjacent, E =V; x V2. Now, for all (u,v;) (u,»,) €
E1
(uh1 ® up2) ((Uvy)(U,v,)) = iy (U) A ng(vhv_z)
= wh1(U) A pha(vr) A pha(v2) (Since
G, is complete)
= (uh1 ® mhy) (Uvy) A (uy @ phy) (Uvy).
(uB1 ® uiy2) ((Uvy) (U,v)) = iy (U) V g (v1,7)
=l (U) V il (v1) V iy (v2)
(Since G, is complete)
= (Wh ® ) (uvy) v
(1l ® uhy) (uwy).
If ((uq,W) (uy,w)) € E, then
(U1 @ upz) ((ur,W) (uz,W)) = php (W) A iy (uyg,
U)
= iz (W) A uhy (ug) A gy (up)  (Since Gy is
complete)
= (W ® pha) (ug,W) A (i ® psz) (uz,W).
Similarly, we can show that
(151 ® upa) (g, W)(uz W) = () ® wi) (ug,w)
V (1 ® wh)(uz,w)
If (uq,v1) (uy,v,) € E, then since G; and G, are
complete
(b1 @ wpz) ((wv1)(uz,v2)) = ppq(ug,up) A
GRS
= why () A iy (uz) A i (v1) A (v7)
= (uhy ® pa2)(ug,vr) A (uhy @ pan)(uz,v7).
(up1 @ ugn) (g, v1)(uz, 1)) = pgi(ug, uz) Vv
12 (vy, v7)
= uit (ug) V iy (up) V iy (1) V il (v2)
= (i ® ) (ug, vy) V (uhs @ pfz)(uz, v7).
Hence, G, @ G, is complete.

Theorem 1.4

If G; = (A1,By) and G, = (4,,B,) are
bipolar fuzzy graphs such that G;n G, is strong,
then at least G; or G, must be strong.
Proof: Suppose that G; and G, are not strong.
Then there exists at least one (u,,v;) € E; and
(uy,v,) € E; such that
g (ug,v1) < phi(w) A uhi(vr), (v >
il (wy) v i (vr)
ANd ppy (uz,v;) < why (U2) A iz (v2), gz (uz,v2) >
1t (U2) V i (v7).
(b1 T pp) (g, v) (U2, 17)) = ubi(ugup) A
AR

< phi(ug) A uhi(uz) A i, (V1) A o (v7)
(Since G; and G, are not strong).

Similarly,
(uB1 1 ) (ug, v1) Uz, v2)) > it (1) V i (uz)
V 2 (V1) V i (V)
But
(a1 M pa2)((ug,ve) = waq(ug) A o (vy) and
(a1 M pa2)(U2,v2) = Wag (U2) A i (V).
Thus
(MA1 M HRz) (i) A (g M pRp) (uzve) =
Map(ur) A g (Uz) A iz (V1) A (Vo).
> (11 pp2) ((ug,v1)(uz,v2))
Similarly, we can show that
(A1 M i) (g, ve) V(R T g,) (ug,v2) < (ugq M
uh,) ((ug,vq)(uz,v)). Hence, G; M G, is not strong,
a contradiction. The next result can be proved in a
similar manner as in the preceding theorem.
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