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ABSTRACT: The study of two dimensional free
convective heat and mass transfer flow of a viscous
incompressible and electrically conducting fluid in
a porous medium confined between two long
vertical wavy walls has been studied under the
assumption that the wave length of the wavy walls
are large. Consider that the wavy walls have
different amplitude. A uniform magnetic field is
assumed to be applied perpendicular to the walls in
the absence of waviness.

The velocity field, temperature, concentration, skin
friction, Nusselt number and Sherwood number for
different values of the parameters involved in the
problem are obtained. The dimensionless governing
equations are solved analytically by using regular
perturbation technique subject to the relevant
boundary conditions and are presented graphically
Keywords: Nusselt number, skin friction, magnetic
field, heat transfer, mass transfer, porous medium,
velocity field.

I. INTRODUCTION

The principle of MHD is utilized in
stabilizing a flow against the transition from
laminar ton turbulent flow and in reduction of
turbulent drag and suppression of flow separation.
Viscous flow (fluid) over a wavy walls has
attracted the attention of relatively few researchers
although the analysis of such flows finds
applications in different areas such as transpiration
cooling of re-entry vehicles and rocket boosters,
cross-hatching on ablative surfaces and film
vaporization in combustion chambers flows, which
arise in fluids due to the interaction of the force of
gravity and density difference caused by the
simultaneous diffusion of the thermal energy and
chemical species have many application in
Geophysics and Engineering. The study through a
porous medium has got importance because of its
occurrence in movement of water and oil inside the
Earth, flow of river through porous banks, chemical
engineering for filtration and purification process,
petroleum technology, to study the movement of

natural gas and in the fields of agriculture
engineering to study the underground water
resources. Lesson and Gangwati (1976) have
analyzed the effect of small amplitude wall
waviness upon the stability of the laminar boundary
layer. Vajravelu and Sastri (1978) have made an
analysis of the free convective heat transfer in a
viscous incompressible fluid between a long
vertical wavy walls and a parallel flat wall.
Vajravelu and Sastri (1980) have extended their
work for the case when the channel walls are wavy.
Patidar and Purohit have studied the flow of
viscous incompressible fluid in porous medium
confined between two long vertically wavy walls
when the amplitude of the waviness of both the
walls is different. Rao and Sastri (1982) have
reinvestigated the work of Vajravelu and Sastri
when the viscous heating effects are considered and
when the fluid properties are constant and which
are variables. It has been solved the equations by
Galerkin’s method. Rao (1982) analyzed the
problem studied by Rao and Sastri to the case when
the channels are different wavy numbers. Taneja
and Jain (2004) studied the problem of MHD flow
with slip effects and temperature dependent heat
source in a viscous incompressible fluid confined
between a long vertical wavy wall and a parallel
flat wall. Ahmed et al. (2005) have studied the
problem of Patidar and Purohit in the presence of
transverse magnetic field. Alam and Rahman (2005)
have studied the Dufour and Soret effects on MHD
free convective heat and mass transfer flow past a
vertical porous plate embedded in a porous medium.
Kafoussias and Williams (1995) studied the effects
of thermal diffusion and diffusion-thermo on steady
mixed free-forced convective and mass transfer
over a vertical flat plate, when the viscosity of the
fluid is varies with temperature. Chamkha and Ben-
Nachi (2008) have studied the MHD mixed
convection flow under radiation interaction along a
vertical permeable surface immersed in a porous
medium in the presence of Soret and Dufour effects.

DOI: 10.35629/5252-0204771796 | Impact Factor value 7.429 |1SO 9001: 2008 Certified Journal Page 771



&

S Volume 2, Issue 4, pp: 771-796
IJAEM

International Journal of Advances in Engineering and Management (IJAEM)
www.ijaem.net

The mass transfer caused by the
temperature gradient is called Soret effect and it
has utilized for isotope separation and in a mixture
between gases and with very light molecular
weight (H,, He) and of medium molecular weight
(N, air), while the heat transfer caused by the
concentration gradient is called the Dufour effect.
Recently, Kumar (2011) studied the problem of
heat transfer with radiation and temperature
dependent heat source in MHD free convection
flow confined between two vertical wavy walls.
Again, Ahmed (2010) investigated the MHD free
convection with Soret and Dufour effects in a three
dimensional flow past an infinite vertical porous
plate. Chamkha et al. (2011) have studied the
problem of unsteady double diffusive natural
convective MHD flows along a vertical cylinder in
presence of chemical reaction, thermal radiation

and Soret and Dufour effects. Recently, Pandit et al.

(2015) investigated the effect of chemical reaction
and thermal radiation on unsteady MHD free
convection heat and mass transfer of an electrically
conducting viscous incompressible and heat
absorbing fluid. Elbashbeshy et al. (2010) have
studied the problem of heat transfer over an
unsteady porous stretching surface embedded in a

Equation of Continuity:

porous medium with variable heat flux in the
presence of heat source or sink. Rashad (2014)
studied the effect of radiation and variable viscosity
on unsteady MHD flow of a rotating fluid from
stretching surface in porous medium.

The objective of the present work is to study free
convective heat and mass transfer flow of a viscous
incompressible fluid in a porous medium between
two long vertical wavy wall.

1. Mathematical Formulation:

Let us consider the two dimensional free
convective MHD flow of a viscous incompressible
electrically conducting fluid between two long
vertical, wavy non-electrically conducting walls in
porous medium. Here x-axis is taken vertically
upward and parallel to the flat wall and y-axis is
perpendicular to it. The wavy walls are represented

by 3_/ = £C0S (/b_() and
9 =d (1+ he Cos(ﬂ,)_()) , where d is the distance

between the two walls. The governing equations of
the problem are

au av 0 O

8x 8y

Conservation of Momentum:

—du —au 10p [&*u é%u = =\ —(= =) ou oBZu

Uu—+ - %Py —+t = +gﬁ(T—TS)+g,B(C—C )——— - )
oX 8y p OX ox oy p

S o 10p (@ o) vy o
oy poy X oy ) k

Conservation of Energy:

—oT -oT _ _[&°T T

U—+V—== T2+T2 (4)
ox 0y ox~ oy

Conservation of Species Concentration:

-aC —ac d*C L& C

U—+ =D| —+—= (5)
OX 5)/ dX 6y

The boundary conditions relevant to the problem are taken as:

U=0,v=0,T =Tw,C =Cw at y gcos(ﬁx) (6a)

u=0,v=0T =T1C=Cy at§zd(l+hgcos(i;<)) (6b)

where h is the amplitude parameter for the second wavy walls.
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In order to reduce the governing equations (1)-(5) into non-dimensional form, the following dimensionless
variables and parameters are introduced.

X .y, w W _pd  T-Ts . C-C. _d . oBd o 90 (Te=Ts)
YTt T TP p0" Tu—Ts' = Cu-Cs' k' po '~ v? ’
gBd®(Cw—Cs - T, _T c._C
= ( 5 ),Przg,szgltg‘:ﬁ,i:id,mzIl -[S, l_hd,n=91 C_S

v a D d Tw—Ts Cw—0Cs

Equations (1)-(5) reduces to
ou av

-0 (7
o 6y

2 2

ua—u+v@=—@ a—u+a +GrT +GmC —a’u—Mu (8)
ox oy ox \ox? oy?
N v op (0N v )
U&'FV&Z—E'F y'F? —-a’V (9)
o°T o°T or ot
yﬁ'yzpr U&ﬁ'v— (10)
o’C 0°C oC oC
ax2+ay =Pm U& VE (11)
The corresponding boundary conditions in non-dimensional form become:
u=0,v=0,T =1,C=1at y=ecos(Ax) (12a)
u=0,v=0,T=m,C=n at y=1+a,&C0s(AX) (12b)

2. Method of Solutions:
In order to solve equations (7)-(11), let us assume that the solution consists of two parts i.e., mean part and a
perturbed part as given below:

u(x,y)=u(y)+eu(xy)
P(XY)=po(y)+ep.(xy)
C(x¥)=Co(y)+£Ci(x.Y) (13)
v(xy)=avi(xY)

T(xy)=To(y)+eT(xY)

where Uy, Py, C,, T, and u,, p;,C,, T, are the mean and perturbed part of velocity, pressure, concentration and

temperature respectively.
Substituting (13) in (7)-(11) and equating co-efficient of g%, &' and neglecting higher order terms we have the

following system of equations:
Zeroth-Order equations:

ou,

—=0 14
~ (14)
2

%% (4% +M )y, =-GrT, ~GmC, (15)
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Po_j (16)
oy

2
0 T2° =0 (17)
oy

2

C
0 =0 (18)
oy
First order Equations:
oy, ov,
+—=0 (19)

oX OX

2 2
Ou, O My ey 6p1 v, MG —eme, 20)
ox? ay oy

2

0 R 0 %—O{ZV _ 8p1 1)

+ —-u =—
X% oy? ox ooy

82T 62T 6Tl T,
=Prju v, — (22)

ox* 83/ e oy

0°C, , &°C, aC,  oC,

o o ~=Pm anwlg (23)
A =a*+M
Zeroth order Boundary conditions are

Uy =0T,=LC,=1at y=0 (24a)
Uy=0T,=m,C;=nat y=1 (24b)

The equations (14) to (18) subject to the boundary conditions (24a) and (24b) have been solved and the
solutions of the zeroth order equations (14) to (18) are given in the following form:

To(y)=1+(m-1)y (25)

Co(y)=1+(n-1)y (26)

Up (V) =Vie™ +V,e +%[(m ~1)y+1] +1—T[(n ~1)y+1] @7

First order Boundary conditions are

u, = —d.Tl;;)cos(ﬂ,x),v1 =0,T, = —%—-&cos(/lx),cl = —dd—(;ocos(/ix)at y=0 (28a)
du, dT,

U, =-a, —2>cos(Ax),v, =0,T, = —a, —2cos(1x),C, =-a, (Ax)at y=1 (28b)
dy dy

We now introduce the stream function t//(x, y)as

__ov , _on
u, Y A o (29)

The equation of continuity is identically satisfied. On elimination of pressure term from equations (19) and (20),
we get

Voo~ UoWoooe =& W —UolWigy =AWy +W, +9,U5 =Gr T (y)+GmC, () (30)
Now to solve (22), (23) and (30) we consider

DOI: 10.35629/5252-0204771796 | Impact Factor value 7.429 |1SO 9001: 2008 Certified Journal Page 774



\1Qk , International Journal of Advances in Engineering and Management (IJAEM)
\74" Volume 2, Issue 4, pp: 771-796 www.ijaem.net

JAEM
W= e'“y/(y) T, = e'“@( ) = e'“¢( ) the equations (22), (23) and (30) reduce to
0"~ (A2 +iPru,d)0=iPr AT}y (31)
¢" (A2 +iPrugd)¢=iPriCoy (32)
y?iv —(iuoﬂ +a’+ y)V + (iuo/”t3 + A A%+ i/lug)l; =Gro' +Gmg’ (33)
The corresponding boundary conditions are
—! Gr Gm —
v = a(c2 —Cl)+—2(m—1)+—2(n—1),1// =0,0=1-m¢=1-nat y=0 (34a)

a a

J’_a{c(xe —cae +E(m 1)+G—m(n 1)},;;:O,H:al(l—m),qﬁ:al(l—n)aty=1(34b)
o o

where A is small

Substituting !/_/ =Z/1i Ji,é?:z/lié’i,qﬁzz/l% in equations (31)-(33) and comparing the coefficients

of like powers of A we get

6/=0 (35)
O =iPr(uy0, + T, ) (36)

y =0 (37)
¢1": i Pr(uo¢0 +Cé‘/_/o> (38)
v - ~(a®+M )wo =Grg, +Gmg, (39)
Wo —ilgw, —(a2+M)1/_/1 +iuly, = Gré, + Gmg (40)
The corresponding boundary conditions are

y?lza(cz—cl)+G—£(m—1) Gm(n ~1),p,=0,6,=1-m,¢, =1-nat y =0 (41a)
(04 (04

v = a{cae -0 +Gr(m 1)+G—m(n 1)},1/_/0=0,00=a1(1—m),¢0=a1(1—n)aty:1(41b)
a a

The solution of the equations (35) to (40) under the boundary conditions (41a) and (41b) are given as

HO(Y)=(1—m)[1+(al -1) y:' “2)

()= a-n)[1+(cs-1)y] o

V_Io(y) Z,+Z, y+Ze”ﬂy+Ze“+2/112y 2\//112 y? 44)
— B o . i

gl(y)zzmzlsygpr(l m)Zygy” 1Pm(1-m)Z,y" iPr(1-m)Zy" iPm(l 2m)z19 i
2 6 12 A

2i Pr(1—3m)zzo ey iPm(l_zm)221 e—ﬂiy+iPr(1—3m)Zzz oA +Myeziy+ipm(l+m)zzz -

(45)
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4(Y)=Z+20y+ iPr(1-n)z,y’ .\ iPm(1-n)Z,y® L] Pr(1-n)Z.y* .\ iPm(l—zn)Z
6 12 A
2iPm(23— n)Z, oy [ Pr(l/l—lzn)z12 . 2i Pr(lﬂ}n)z13 — [ Pr(l/i—lzn)zll Jo iPm(lA}n)Z13
(46)
&l ( y) :Vs +V4y _Vsy2 _VG y3 _V7 y4 _Vs y5 +(V9 +V10 )eﬂly + (V11 +V12 )eiﬁly +V13yeﬂ1y _V14 yeiﬂiy +

10 eﬂ.ly _

ye_’ily

V15 3/267jiy _V16 yzeJ1y
(47)
3. Skin-Friction, The Rate Of Heat Transfer And The Rate Of Mass Transfer:
The non-dimensional shear stress 7 at the plate y=0 in the direction of free stream is given by:
2
- dg,
Txy = >

o
f= (@ : @_E]
oy OX
=Uy (0)+ee™u; (0)+iete”Vv; (0)
The skin friction at the wavy wall Yy = gcos(/ix) is given by,

7, =7 +£Re[ e”u7(0)+€™u/(0) |

where z'g =U, (0)
Gr Gm
=/11V11_/11V22 +?(m_1)+?(n_l)

The skin friction at the wavy wall y =1+ & COS(&X) is given by,
T, =1+ Re[ge”xul' (1)]

W,

where Tlo =U, (1)

_,  Gr Gm
= AV,,e" —AV,,e ‘1+?(m—1)+?(n—1)

The dimensionless heat flux in terms of Nusselt number Nu is given by

Nu= 2= (y)+20(y)

The Nusselt number Nu at the wavy wall Y = SCOS(EX) is given by,

Nu,, = Nug +&Re[ 65(0)+6'(0)]|

where Nug =&, (O) = (1— m)(al —1)

The Nusselt number Nu at the wavy wall Y =1+a,& COS(AX) is given by,
Nu,, =Nuj +£Red'(1)

where Nu_ =6} (1) =(1-m) (e, —1)

The dimensionless mass flux in terms of Sherwood number Sh is given by
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Sh=gy—¢=¢é(y)+e¢£(y)

The Sherwood number Sh at the wavy wall Y = gCOS(lX) is given by,

Sh, =Shy +&Re[ #(0)+¢'(0)]
where SHC = g (0) = (1-n)(e, 1)

The Sherwood number Sh at the wavy wall y =1+ o€ COS(&X) is given by,

Sh,, = S’ +&Red' (1)
where S =g (1) =(1-n)(e 1)

I1. RESULTS AND DISCUSSIONS:

In order to study the physical insight into
the problem, we have carried out numerical
calculations for non-dimensional velocity field (u),
temperature field (8), species concentration (¢),
skin friction (1), Nusselt number (Nu), Sherwood
number (Sh) at both the wavy walls. It is assigning
some specific values to the parameters entering into
the problem and effects of these values on the
above field are discussed. We have restricted our
investigation to Prandtl number (Pr) is taken to be
0.71 which corresponds to air and the other
parameters. In this problem the values of the
frequency parameter A, amplitude parameter ¢ and

Ax are kept fixed at 0.01, 0.001 and %

respectively.

The behaviour of the fluid velocity u
under Hartmann number (M), solutal Grashof
number (Gm), thermal Grashof number (Gr), heat
source parameter (o) wall temperature ratio (m) and
wall concentration ratio (n) is shown in Figs. 3-7
respectively. It is observed that solutal Grashof
number Gm defines the ratio of the species
buoyancy force to the viscous hydrodynamic force.
The fluid velocity increases due to increase in the
species buoyancy force. The thermal Grashof
number Gr signifies the relative effect of the
thermal buoyancy force to the viscous
hydrodynamic force in the boundary layer. It is
observed that there is a rise in the velocity due to
the enhancement of thermal buoyancy force. It is
seen that increasing values of o, there is increase in
the thickness of velocity boundary layer. Here, the
positive values of Gr correspond to the cooling of
the plate.

In Fig.8, the variation of velocity for different
values Hartmann number M is shown it is seen that
fluid velocity decreases for increasing value of M.

Figs. 9-11, shows the behaviour of skin

friction (t) against Hartmann number (M) under the
influence of heat source parameter (o), Grashof
number for heat transfer (Gr), and Grashof number
for mass transfer (Gm). The magnitude of the
viscous drag decreases for increasing values of
Grashof number for heat transfer (Gr), Grashof
number for mass transfer (Gm) and heat source
parameter (o).
In Figs.12-14, the different values of heat source
parameter (a), Grashof number for mass transfer
(Gm), and Grashof number for heat transfer (Gr)
are plotted. It is seen that increasing values of a, Gr
and Gm, there is an increase in the thickness of
temperature boundary layer.

In Figs. 15-17, the different values of heat
source parameter (o), Grashof number for mass
transfer (Gm), and Grashof number for heat
transfer (Gr) are plotted. It is seen that increasing
values of a, Gr and Gm, there is a decrease in the
thickness of concentration boundary layer.

The behaviour of Nusselt number (Nu) against wall
temperature ratio (m) and amplitude parameter

(0{1) can be observed in the Figs. 18 and 19.

Figs. 20 and 21, display the effect of wall
concentration ratio (n) and amplitude parameter

(0{1) on the rate of mass transfer. The rate of mass

transfer increases for second wavy wall but
decreases due to mass diffusion. In case of first
wavy wall, the rate of mass transfer shows a
reverse trend
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FIGURES

3 a=12.3

2.5

0 0.2 0.4 0.6 0.8 1

y — —
Fig 1: Velocity profile for different values of o for M=2, Gr=2, Gm=3, m=.2, n=.4
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y —>
Fig 2: Velocity profile for different values of Gr for M=2, Gm=3, m=.2, n=.4, (1 [J []

Fig 3: Velocity profile for different values of Gm for M=2, Gr=2, m=.2, n=.4, [] [J [J
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Fig 4 : Velocity profile for different values of Pr for (1 =1, Gr=2, Gm=3, m=.2,
n=4
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M=246

3.5

0 4 , . . .
0 0.2 04 0.6 0.8 1
y ——

Fig 5: Velocity profile for different values of M(J for [0 =1, Gr=2, Gm=3, m=.2, n=4
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Fig 6: Skin friction [1 [ against the Hartmann number M[] for Pr=0.71Gr=2, Gm=3, m=.2, n=.4
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Fig 7: Skin friction [ [] against the Hartmann number M for Pr=0.71, Gr=2, Gm=3, m=.2, n=.4,[] =1
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Fig 8 : Skin friction [1 [ against the Hartmann number M for Pr=0.71, Gr=2, m=.2, n=4, [] =1
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0 23 oo - -
0 0.2 04 0.6 0.8 1 1.2
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Fig 9 : Temperature profile for different values of (] [1 [1 for M=2, Gr=2, Gm=3, m=.2, n=.4, Pr=0.71
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Fig 10: Temperature profile for different values of Gr for M=2, Gm=3, m=.2, n=.4, Pr=0.71, (] =1
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Fig 11 : Temperature profile for different values of Gm for M=2, Gr=2, m=.2, n=.4, Pr=0.71, (] =1
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Fig 12 : Concentration profile for different values of Gr for M=2, Gm=3, m=.2, n=4, Pr=0.71, (1 =1
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Fig 13: Concentration profile for different values of Gm for M=2, Gr=2, m=.2, n=.4, Pr=0.71, [0 =1
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Fig 14: Concentration profile for different values of (1 for M=2, Gr=2, Gm=3,m=.2, n=.4, Pr=0.71
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Fig 15: Nusselt number Nu against M for m=5, h=.5, Pr=0.71

DOI: 10.35629/5252-0204771796 | Impact Factor value 7.429 |1SO 9001: 2008 Certified Journal Page 791



\’f\i , International Journal of Advances in Engineering and Management (IJAEM)

,; Volume 2, Issue 4, pp: 771-796 www.ijaem.net ISSN: 2395-5252
IJAEM
r
2 | A s
[ s ol AL
f/////
1~
A /”
6 // /
= ‘/'I
y
ZZ Wavy wall 1
Wavy wall 2 -
4
\J\
~
=
\‘*...\
2 - \:“':".:\_“\ /
N u NI X .. /
T ',/‘ . X
" s -
0 | T 5 ~ s T
0 1 2 3 4 5 6 g
-2
-4
M >

Fig 16: Nusselt number Nu against M for d=2, h=0.5, Pr=0.71
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Fig 17: Sherwood number Sh against M for d=2, h=0.5, Pr=0.71
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Fig 18: Sherwood number Sh against M for n=5, h=.5, Pr=0.71
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