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ABSTRACT

A normalized function f analytic in the
open unit disc around the origin and nonvanishing
outside the origin can be expressed in the form z/f
(z) where g (z) has Taylor coefficients by’s.
Necessary and sufficient conditions in terms of b,’s
are derived for some classes of analytic functions.

INTRODUCTION

Let A; be the class of functionsf analytic
inU = {z € C;|z| < 1}, and normalized by f(0)=0,
£(0)=1 where C is the set of complex numbers. An
f in A; with f(z) # 0 in the punctured disc U/{0},
may be expressed as f(z) = y(g) = z/g(z) inU,

where g(z) =1+ X7, b,z" in U.

Mitrinovic [2], Reade et.al [3], Silverman
and Silvia [6] and Srinivas [9] studied these
coefficientsh,’s.

Mitrinovic [2] obtained estimates for the
radii on univalence of certain rational functions. In
particular, he found sufficient conditions for
functions of the form

O S

b, # 0, to be univalent in the unit disk U.
A function

() f(z) =z + X5z a,z"

in Al is said to be starlike of order, 0 <

f(z)
<
a<l, IfRef()

functions is denoted by S*(a). The functions in
S*=S*(0) are called starlike functions.
Throughout this researchpaper we let f be of the
form (2). A function f (z) in A; is said to be

convex, if Re {1 + fo ((Z))} > 0 in U. A function f(z)

in A; is said to be convex of order
. 2f' z .
OSasl,lfRe{ f(Z)}>0mu.

A continuous passage from starlike
functions to convex functions is the following class
of functions a — convex in U. A function fin A; is
said to be a —convex in U, a € C, if f(2)f (2)/z #
0 and

> o in U. The set of all such

BA generalization of this class is the family of
function fin A; for which

(3) Re [uf(—) + 7»( fo"(iz)))] >0,z € U.

Let us denote this class by CV (A, 1)

A function fg Aq is said to be spirallike in U, if
Re Lolj(e”‘%—isink)] >0, in U. These
functions generaliz starlike functions and were
studied by Spacek[8]

Silvia [7] introduced the following
generalization of a — convex and A — spirallike
functions: A function f in A; is said to be a — A
spiral of order B,a>0,|A| <m/2,Areal, 0 < —
1, if f(z)f (z)/z # 0 for z € U and

sech [(e“‘ —a) % +a ( fo ((Z)))] >
B.

Rebertson [4] generalized the concept of convex
functions of order o as follows:

A function f in a; is said to be a A —
Rebertson function of order in the unit disc U.

In the note [3], Reade et.al., showed that
the Mitrinovic criterion for univalence of functions
of the form (1) does not guarantee starlikeness and
gave sufficient conditions for such functions to be
(i) starlike of order o and (ii) convex, as n - o

Functions f € A; are said to be in the class
UCD(w), 0 > 0, if

Ref'(z) > alzf (z)|,z€ U

In [10] Thomas et. al. studied UCD(a). In
[5] the class T consisting of univalent functions f in
A, of the form
@ @ =z-Y,arka 20,
was investigated. By TUCD(ex) we denote
functions in UCD(a) of the form (4). For this class,
the following necessary and sufficient condition
was derived in Thomas et al [10] :

(5) Yoo k[1 4+ alk — 1a, < 1.

In this paper we derive conditions on by s
necessary for f to be in TUCD(a) and sufficient for
f to be in the class CV(A, w) in Sections 1 and 2
respectively. These sufficient conditions generalize
some earlier results for some known classes.
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SECTION -1 Z’fl:olkﬂ_n 1 ' 1
Here we derive a necessary condition on the (+1D)(A+na)’ (k+2-n)[1+(k—-n+1)a]
coefficients by s for the functions in TUCD (a) : (1) < e Sheo Meran
Theorem 1 : If 13) e
y@=—=—2—— in U and = GrD+k+Dal

g(z) = 1+¥7_1bpz?
y(g) € (g) e TUCD(),0<a< 1
then
1

(6) 0<b,<————,n=12,...

"= D) (A4an)’
The second inequality is sharp for

— © 1 k nk
(7) &n (@z)=1+ Zk:l [(n+1)(1+an)] z
in U and

v(gn) = -

z_ _ n+1
@ 2T D tan) ZE
U.
Prof : Since y(g) € TUCD(o) it has the Taylor
series expansion

v(g) =z—Xipa,z"a, 20,z€U, By
the definition of g(z),

8) b, = 220 bran—i+1
for n = 1 where by = 1.

First we show that {b,}7 is a sequence of
nonnegative real numbers. It follows from the
equation (8) that b; = a, = 0. Now assume that
by = 0 form 1 < k < n, for some n € N, the set of
natural numbers. Since,

I3n+1 = Zﬂ:o bkan+2—k
and ay’s are nonnegative, we have b, = 0. This
proves by induction that b, ,; = 0. This proves by
induction that {b,};* is a sequence of nonnegative
real numbers.

By the necessary and sufficient condition
(5) for ftobe in TUCD () :

9) Ymon[l+a(n—1)]a, <1.

We have

1
b1=a25

2(1+a)
This proves the equality (6) for n = 1.
Now, let the inequality (6) be true for n, satisfying
1 <n<K,forsomek € N. Then,
(10)
b1 = Xh=0bnQpiz—n <
k 1
Zn=omak+z—n-
Set, forn = 2,
PR S
T n[14+a(n—-1)]
For Y(g) =z—Yr_,a,z" ETUCD(a) it is
necessary, by (5) that
Y o,n[l+an—1l]a, <1
Thus, 1, = 0 forn > 2 and
(11) A A <1
The inequality (10) is equivalent to

a, =

The inequality (12) holds since
m+1DA+na)k+2—-n)[1+ (k—n+ Da]
=>2(k+2)[1+ (k+ Da]
oS d+an)(1+ak—an)(k+1—n)
+alk+ 1)1+ ak)
+a?(k+1) +a[l+alk+1)]

>an+ 1)1+ an)
which is true for 0 > n < k and the inequality (13)
holds due to (11). This proves the inequality (6) for
n = k + 1 and the proof of the theorem is complete
by the induction argument. It is easily seen that
sharpness of the second inequality in (6) is attained
for the function (g,) where g, is as in the
equation (7).
SECTION —2
Next we determine a sufficient condition on f in
terms of b,’s for the functional

Re[A(1+2f @/f @) + pzf ' (2)/
V&4
to be positive in the unit disc U so that such f is in
CV (A,
Theorem 2 Let f(z) =z/(1 + Xy_1b,z") € A
with b, s satisfying
14) : -

(D + 122+ pul + Re(A + 1) | by |

+ I + 120+ 4

+ Re(+ ) (n = Db, |
< Re(A+ )]

where 4, u are in C and at least one of them is
nonzero, Thenf € CV (A, u)

Proof : For f(z)=z/g(z) where g(z) =
1+ Xy_1b,z™),z € U, we have
zf (2) 2f (z) _
) a(1+ f'(z))“‘ o=t
Q@A+p) Y= nbyz™  AYm_on(n—1)bpz"
1+Z$10:1bnzn 1+2$1°:2(1—n)bn2”
in the unit disc U. For @ = |24+ u|Re(A + ) /
(122 + ul + |2]), we have,
|2A+u) X—1 nby 2"
(16) [ 14Y7_1 bpz™

[22+p| ¥i=1 nlbn|
1-37_1lbnl

and
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AYy—pyn(n—1)b,z"
17 I 1+¥%_,(1-n)by 2"
Re(A+u) —a

by the condition (14). By using the inequalities (16)
and (17) in the equation (15), the inequality (3) in
obtained, Hencef € CV (4, u)

4] Xr=2 n(n—1)|by|
T 1= m=Diby| T

Corollary 1 : If f(z) = z/(1 + X7=1 bp2") s in
A; with the b, satisfying
L+ 121+ 11+ Allby )

+ 2[1
n=2

+ (14 A+ |1+ 2Dn](n
- 1D|b,| 1
For A € C, then f is A —convex in U.

Proof : By choosing u = 1 — A, (14) becomes the

required sufficient condition.

Corollary 2 (Reade et al. [3]) If f(2) =

z/(1 + ¥¢_; byz"), z € U with the b, satisfying
4lb1| + Xio2(n —DBn+ Db, <1

then f becomes convex in U.

Proof : By taking A = 1 and u = 0 in Theorem 2,
the corollary is obtained.
Corollary 3: If f(2) = z/(1 +X%_1 b,2"),z€ U
with the b,,'s satisfying

(cosA+a+ e + al)|by]

+ Z[(a + e + a|)n

+ cos/l](n —1|by| < cosA
For [A| <m/2,A € R, the set of real numbers,
0 < a then fis a — A spiral of order o.
Proof : Choosing 1 = a,e* —a in place of p
Theorem 2 gives the corollary.
Corolary4 (Ahuja and Jain [1]) If f(2) =
z/(L+ X 1bz"),z€U,—n/2 < B < n/2
and

(3 + cos B)|by | + Z(3n + cos B)(n — )b, |
n=2

< cosf
then f is a B —Robertson function of order 0 in U.

Proof : For n=0Ar=eP,—n/2<B<m/2 .
Theorem 2 gives the corollary.
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