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ABSTRACT: n- Ricci solitons on f-kenmotsu
manifold are considered an manifolds satisfying
certain curvature conditions: R( & ,X).S=0,
S(&,X).R=0, W, (§,X).S=0, and S(§, X).W,=0. We
proved that in f-Kenmotsu manifold
(M, d,&n,g).Then the existence of an n-Ricci
solitons implies that M is Einstein manifold and if
the Ricci curvature tensor satisfies, S(&,X).R=0,
then Ricci solitons M is steady. If the condition
u=0, then A=0, which shows that A is steady.The
para-contact from

n-closed and the Nejnhuis tensor of the structural
endomorphism ¢ is identically vanishes.
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I. INTRODUCTION:

The concept of Ricci solitons was
introduced by Hamilton [21] in the Year 1982. In
differential geometry, a Ricci solitons is a special
type of Riemannian metric such metric evalve
under Ricci flow only be symmetries of the flow
and ofter arise as limits of dilations of Singularities
in the Ricci flow [22, 10, 14, 34]. They can be
viewed as generalizations of Einstein metrics. They
can viewed as fixed point of the Ricci flow, as a
dynamical system on the space of Riemmanian
metrics moduls diffeomorphisms ans scallings.
Ricci solitons have been studied in many contexts:
on Kahler manifolds [16], on contact and
Lorentzian manifolds [1, 11, 2, 33, 35], on
Sasakian [4, 20, 23], a-Sasakian manifolds [2] and
K-contact manifolds [33], on Kenmotsu [3, 24, 26,
27] and f-Kenmotsu manifolds [11] etc. In Para
contact geometry, Ricci solitons firstly appeared in
the papers of G. Calvaruso and D. Perrone [13],
Recently, C. L. Bejan and M. Crasmareanu studied
Ricci solitons on 3-dimensional normal Para
contact manifolds [35]. As a generalizations of
Ricci solitons, the notion of n -Ricci solitons
introduced by J. T. Cho and M. Kimura [15] which
was treated by C. Calin and Crasmareanu on Hopf
Hypersurfaces in complex space forms [12]. The

concept is named after Gegorio Ricci-Curbastro. In
2015, A.M. Blaga have obtained some results on n-
Ricci  solitons satisfying  certain  curvature
conditions.
In 1982, Hamilton [21] introduced the notion of
Ricci flow to find a Canonical metric on a smooth
manifold. Then Ricci flow has become a powerful
tool for the study of Riemannian manifolds,
especially for those manifolds with positive
curvature. Perelman [31] used Ricci flow and its
surgery to prove Poincare conjecture. The Ricci
flow is an evolution equation for metrics on
Riemannian manifold defined as follows:

a

5.8 (0 = —2Ry,
(1.1)

A Ricci soliton emerges as the limit of the
solutions of the Ricci flow. A solution to the Ricci
flow is called Ricci solution if it moves only by a
one parameter group of diffeomorphism and
scaling. A Ricci solitons (g, V, A) on a Riemannian
manifold (M, g) is a generalization of an Einstein
metric such that

L v g + 25+2 Ag =0,
(1.2)
where S is a Ricci tensor, Ly is Lie-derivative
operator along the vector field V on M and A is a
real number.The Ricci soliton is said to be
shrinking, steady or expanding according as A is
negative, zero or positive respectively.

During the last two decades, the geometry
of Ricci solitons has been the focus of attention of
many mathematicians. In particular, it has become
more important after Perelman [31], applied Ricci
solitons to solve the long standing Poincare
conjecture posed in 1904. In 2008, Sharma [31],
studied the Ricci solitons in contact geometry [35].
There after Ricci solitons in contact metric
manifolds have been studied by various authors
such as Bejan and Crasmareanu [12], Blaga [8, 9],
Bejancu and Duggal [6], Bejan and Crasmareanu
[5, 7] Nagaraja and Premalatta [26, 27] and many
others.

DOI: 10.35629/5252-0308690696

Impact Factor value 7.429 | ISO 9001: 2008 Certified Journal Page 690



@ International Journal of Advances in Engineering and Management (IJAEM)

\\‘. Volume 3, Issue 8 Aug 2021, pp: 690-696 www.ijaem.net

Il. PRELIMINARIES:
Let M be a real (2n+1)-dimensional differentiable
manifold endowed with an almost contact structure
(d, &, 1, g) satisfies
?=-1+n®&, n(&)=1,

(2.1)
¢.£=0,nod =0,
nX)=9(X,&),
(2.2)
9( X, dY)=g(X,Y)-n(X)n(Y),
(2.3)

for any vector field X,Y ex(M),where | is identity of
the tangent bundle TM, ¢ is a tensor field

and g is a metric tensor field, we say that
M, d,&,m, g) is a f-Kenmotsu manifold if the Levi-
Civita connection of g satisfy

( Vx¢ Y)=f[ g ( $X,Y )- n(NPX ],
(2.4)

where fec”(M), such that df An=0, if

f = a = constant # 0O.
(2.5)
Then the manifold is a-Kenmotsu manifold. 1-
Kenmotsu manifold is Kenmotsu manifold, if f=0,
then the manifold is cosymplectic, an f-Kenmotsu
manifold is said to be regular if
f2 +f # 0, where f' = ¢(f). For an f-Kenmotsu
manifold from (2.5) if follows that

g =fX- nX)E ],
(2.6)

which on using equation (2.7), we have
e ( Vxn Y= g (X,Y)- n(X)n(V)],

The condition df An=0, holds if dim M> 5 this
does not hold in general if dim M=3 as is well
known a 3-dimensional Riemannian manifold, we
always have

R(X,Y)Z=g(Y,Z)QX-

T

IX.DQYHS(Y.2X-SXZ)Y- = [ g (Y.2)X-

g(X,2)Y], (2.8)
In a 3-dimensional manifold M, we have
R(X,Y)Z=( %+ 2f2 + f -
9(Y,2) nX)&- 9(X,2) n(ME&+n(Yn(@Z)X -
nXn@)Y], (2.9)
S(X,Y):(% +f2 + f')g(X,Y)-(% + 3f% +
3 MON(Y), (2.10)
QX=( %+f2+f’ )X-( %+3f2+
3f' ) nXg&,
(2.11)

where R denotes the curvature tensor S is the Ricci
tensor, Q is the Ricci operator and t is the scalar
curvature tensor on M. Taking from above equation
(2.10), we obtain

RXY) &=—(f*+f)n(MX -
nX)Y] :
(2.12)
and (2.10) yields

S(X, &) = —2(f* + fMm(X),
(2.13)
for any vector field X,Y,Z on M and R is the
Riemannian curvature tensor S is the Ricci tensor
of type (0,2). If the Ricci tensor of an almost
contact Riemannian manifold M is of the form
S=agtbh  n®n :
(2.14)
for some function a and b on M, then M is said to
be an n-Einstein manifold.
We now state and prove some basic results in a f-
Kenmotsu manifold which will be frequently used
later on. In Pokhariyal and Mishra have defined the
curvature tensor W, given by [25,32]
W,(X,Y,U,V) = RX,Y,U, V) +
— [ g XUS(Y.V) - g (YU)SXV,
(2.15)
where S is a Ricci tensor of type (0,2).
Consider an f-Kenmotsu manifold satisfying
W,=0,(2.16), then we have
RXY,UV) =— [ g (XU)S(Y.V) -
g (Y, U)S(X, V)],
(2.16)
Putting Y=V=§&, in (2.16), then using equation
(2.13), we obtain

S(XuU) = - —2([2_?;) -
(X, Y)+ n(U)n(X)1,

9
(2.17)
Thus M is an Einstein manifold.
Theorem (2.1): If n-Ricci solitons on f-Kenmotsu
manifold M, the condition W,=0, holds, then M is
an Einstein manifold.
Definition: n -Ricci solitons on f-Kenmotsu
manifold is called W, -Semi-Symmetric if it
satisfies
R(X,Y). W,=0,

where R(X,Y) is to be consider as a derivation of
tensor algebra at each point of the manifold
for tangent vector X and Y. In an f-Kenmotsu
manifold the W, -curvature tensor satisfies the
condition

U(WZ (X’ Y)Z) :On
(2.18)

I11. n-RICCI SOLITONS ON F-
KENMOTSU MANIFOLD.
Let (M, ¢,&,n,9) be a n-Ricci solitons on f-
Kenmotsu manifold.
Consider from the above equation
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Leg +25+24g + 2un®n =0,

(2.19)
where L, is the Lie derivative operator along the
vector field &,S is Ricci tensor field of the
metric g, A and p are real constants. Writing L; g
in terms of the Lie derivative V, we obtain
By virtue of the equations (3.1) and (2.4) in above
equation, we get

25(X,Y)=- g(Vx&,Y)- g(X.y§)-2Ag(X,¥) +
2un(X)n(Y), (3.2)
In view of the equations (3.2) and (2.4), in above
equation, we get
3 SCXY)=(-F+2) g (X Y)+(F+ ) n(Xn(Y),
for any XY ex(M), the data (g,&,1,u) which
satisfy the equation (3.1) is said to be an n-Ricci
soliton on M, in Particular, if u=0, (g, ¢,4) isn-
Ricci solitons on f-Kenmotsu manifold [11,12] and
it is called shrinking, steady or expanding
according as A is negative, zero or positive
respectively.

Proposition (3.1): If n -Ricci solitons on f-
Kenmotsu manifold (M, ¢, ¢,n,g), for any X, Y,
Zey (M), the following Relations holds.

Vx¢ = fIX —n(X)¢],

(3.4)
n(Vx$) =0,

(3.5)
RIX)Y) &=—(f2+f)n()X -
nXx)y 1,

(3.6)

n(R(X,Y)Z) = — (% +2F% +
21 grZnX—gXZyy
-(G+3rt-
3/—grZnX—gXzyF, (3.7)

(Vxn )(Y)=I[ g (X,Y)- n(XIn(V)],

(3.8)
(Vxn)=0,
(3.9)
Leg(X,Y) =2f[g(X,Y) —
204
(3.10)

where R is the Riemannian curvature tensor field
and ¥ denotes is the Levi-Civita connection
Associated to g.

( Legp )X)= VepX — p(VeX)
(3.11)

which on using of the equation (3.11), in above
equation X=¢, we get
(Lg¢p) =0,
In view of the using equation (3.1), in above
equation, we get
Leg(X,Y) +2S(X,Y) + 22g(X,Y) +

2um(X)n(Y) =0.
(3.12)
Now, taking from the above equation (3.12), in
Y=& we get

Len(X) + 28(X, &) + (24 + 2iw)n(X) =0,
(3.13)
which on using equations (3.13) and (2.10) in
above equation, we get

Len(X) + [(22 +2p) — 4(f* +

fIn) =0.
(3.14)
By virtue of the equations (3.1) and (2.4), in above
equation, we get

A+w=2(f*+1)

(3.15)
Again, we have
Lemy  X)=  nVeX)
(3.16)
In view of the using equation (3.16), in X=¢&, we get
(Lem)=0,

Again, we have
(Leg)(X,Y) =2f[g(X,Y) — n(X)n(Y)],
The (0,2)-tensor field for this proposition we get
w(X,Y)= g(X,¢X),
Is symmetric and satisfies
w (PXY )= o X ¢y ),
w(pX, pY)=w(X,Y)
w) (Y.2= n(MgX,2) +n(2)gX,Y) +
2nX)n(Y)n(Z), for any X,Y,Zeyx (M)
Remark: an n -Ricci solitons on f-Kenmotsu
manifold (M, ¢, &, 7, g) we deduce that
Proposition (3.2): If n -Ricci solitons on f-
Kenmotsu manifold (M, ¢, ¢, 7, g) the Para-contact
from n-closed and the Nijenhuis Tensor field of the
structural endomorphism ¢ identically vanishes.
Proof: (1), The 1-form 7 is closed indeed, from the
above equation (2.6), we gets
dn)X Y)=g(Y, Vx$ )-9(X, Vy¢),
(3.17)
Now, taking from the above equations (3.17) and
(2.7), we get
(dn)(X,Y)=0,
(i) The Nijenhuis tensor field associated to ¢.
N, (X,Y)=0,
In [11] and [12] the authors proved that on a n-
Ricci  soliton on  f-Kenmotsu  manifold
(M, ¢,&,m,g) tensor field satisfies. Now, from
equation (3.3) and (2.10) as Y=¢&, we get
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SX,§)=(- 2+ 2f + ) (X).
(3.18)
which on using equations (3.18) and (2.14), in
above equation, we get

2AfP+2f) = (A+u)
(3.19)

By virtue of the equations (3.18), (3.19) and (3.15),
in above equation, we get

A=up
(3.19)
If ©=0, then A=0,which shows that 4 is steady.
Thus we can states as follows-

Theorem (3.2): Let (¢, &,7n, g) be n-Ricci solitons
on f-Kenmotsu structure on the manifold M and
Let (g, &, 4, 1) be an n-Ricci Soliton on M.
(i) If the manifold M and Let (M, g) has cyclic
tensor
VyS(Y,Z) + VyS(Z,X) +

V,S(X,Y)=0,
(ii) If the manifold (M ,g) has cyclic n —recurrent
Ricci tensor

VyS(Y,Z) + VyS(Z,X) + V;S(X,Y) = ( f+
wf29X,Y)n(Z) + 29X, Z)n(Y)

+29(Y.Z)n(X)-6n(X)n(Y)n(Z)],
Proof: Replacing the expansion of S form
xS (Y2O)=(f+ p ) g (XY) n(2) -
2nXn(Yn(2) + g(X, Z)n(1)],
(3.20)
By cyclic permutation X, Y and Z, we get
VyS (ZX)=(f+ u))f[ g (Y.2) n(X) -
2nXn(Y)n(2) + g(¥, XIn(Z)],
(3.21)
And
V;S (XY) =(f+ p)f[ g (ZX) n(¥) -
2nXn(Yn(2) + g(Z,YIn(X)].
(3.22)
Adding from equations (3.20), (3.21) and (3.22),
we get
VyS (Y,
2)+ 7y S(Z,X)+ V,S(X,Y)=(f+)f[29 (X,Y)n(2) +
29X, Z2)n(Y) +29(Y, X)n(2)

— en(Xn(¥)n(2)],
(3.23)

Corollary (3.3):If n-Ricci soliton on f-Kenmotsu
manifold. (M, ¢, ¢&,n, g) having cyclic Ricci tensor
or cyclic n-recurrent Ricci tensor, then is no Ricci
solitons with potential vector field ¢.

Proposition (3.4):If Let (¢, ¢&,n,g) be an n-Ricci
soliton on f-Kenmotsu structure (M, g) is Ricci-
symmetric tensor VS=0, then A=0, is steady.

Proof: If Vs=0, taking from the above equation
(3.3), we get

( Y, 2D)=F+w [ nV)WxmZ +
() (T X)),
(3.24)
By virtue of the equations (3.24) and (2.8), in
above equation, we get

(%S(Y.2) = (f+wf [g (XY) n(2) -
2nXn(Yn(2) + g(X, Z)n(V)] :

(3.25)
Taking from the above equation (3.25), Z=¢&,we get
( eS)Y, &) = (f +
wf [ g XY) @
(3.26)
where ( VxS)(Y,¢é) =0, (f+wf =0, or

[Q(X,Y)_TI(X)U(Y)] #0, =0, or f =—Hu
If £=0, then u=0. Now, from equation (3.15), we
get

A=0
which shows that A is steady. Thus we can states as
follows-

Corollary (3.5): If n-Ricci soliton on f-Kenmotsu
manifold (M,¢, &, 1, g) is Ricci symmetric or has n-
recurrent Ricci tensor, then M is with the potential
vector field ¢.

In what follows we shall consider n-Ricci soliton
on f-kenmotsu manifolds requiring for the
curvature to satisfy R(¢,X).S=0 and S.(¢, X).R=0,
respectively.

Theorem (3.6): If n-Ricci soliton on f-Kenmotsu
structure (¢,¢,mn,g) on the manifold M, then
satisfying relations R(&, X).S=0, as f=0, then 1 is
steady.

Proof: Letus suppose that R(&,X).S=0, then we
have

SR( &X
(3.27)
Replacing the expression of S from equation (2.8)
and from the symmetric of R, we get

(T+5f2 = f g (XY)S(&,2)+ g (X.2)S(Y, §)]-
( f2=5f ) nMSKX,2) +n(2)S(Y,X)] =0.
(3.28)

Now, from above equations (3.28) and (3.3), we
get

)Y, Z)+S(Y,R( & X )Z2)=0,

[(A+w)(T+5f2—f )-(f2+5f )2~
MLgXY)n(2) = g(X, Z)n(Y)]

2( fE4+5f )f+ u ) nXnn2)

=0.
(3.29)
Taking from equation (3.29), in X=Y=¢,we get
2(f*+ 51 )(f + 1) n(@) =0.

(3.30)
Now, from equation (3.30), we get
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f24+5f=0,0rf=-pu
Case 1, if f=0, then u=0, case 2, if f2 + 5/ =0, if
=0, then f'=0,

Theorem (3.7): If n-Ricci soliton on f-Kenmotsu
manifold is also n-Ricci soliton on f-Kenmotsu
structure on the manifold (M g, & A, 1) and
(¢, &n,g ) is with potential vector field &
and satisfying R(&,X).S=0 and S(¢,X).R=0. If
=0, =0, or if f=0, f'=0, u=0,then A is stesdy.

Proof : Letus suppose that R(¢,X).S=0 and
S(¢,X).R=0, Then we have

S(X,R(Y,Z2)W) '3 -
S( &RY,ZHW X+SXY)R( &7 )W-
S(¢, Y)R(X,Z)W

+S(X,Z)R(Y, & YW-
S( &Z ORI X)WHS(XW)R(Y,Z) & -
S(¢, W)R(Y,Z)X=0, (3.31)

Now, taking the inner product of above equation

with &, we get
S(X,R(Y,Z)W)-
n(X)SE,RY, 2IW) + SX,Y)n(R(E, W) —
SEYInRE, 2)W)
+SX, 2R, HW) = S(E, 2nR(Y, XIW)

ZrS()g,W)n(R(Y.Z)E) —SEWin(R(Y,2)X) =0.
3.32
By virtue of the equations (3.32) and (3.7), above
equation, we get
S(X, R(Y, 2W)-  n(X)S(ERY,Z2H)W) +
S, Y)g(f, W) —S&, Y)n@On(W)
+(3+372 =3f) &, Vg z,W)
—SX,Y)n(W)n(2)
+9(Z W)nx)
—gX,Win(Z) + SX, Z2n(¥)n(W) — g(¥, W)
+SE 29X Wn(y)
+S, 2)g(Y, 2)nX) + 2n(Y)n(Z)
. +9Z, X)) + g, X)n(2)]
(22 +2f ) [=SE, g @ W)

+ 99X, W)S(E, Y)n(2)]
+SX, 2Dn(YV)nW) —SX,2)g(Y, W) —
SE2DgX,Win(Y) —SE 2)gY, WinX)]

—(G+2rr+of) (G2 +
2/ 8EW gL Xph+g¥, Xn2=0, (3.33)

which on using equations (3.33) and (3.3) in
Putting X=Y=¢& we get

(A+p) g @W)2(- f+u ) n@nW)+
(G432 =31 ) [(-f + Dig@ W) +

ApznW

+A+wlg@Z W) + an(ZnW)} —n(Z)n(W)
—n(W) + 4n(2)]

~(G+ert+2r)-f
+wW=gZ, W) +nZ)n(W)]
+ (%+ 2f2 +2f ) [-g(Z. W)
+n(Z)n(W)]
~(G+2r2+
2/2[(A+ ) nZy+ ()] =0. (3.36)

Using from the above equation (3.34) in Z=W=¢,
we get

A—p+f+ (G432 F) 5@+ m +2]
~(G+2f2+2f ) A+ 2+ w=0, (3.35)

1.Z
If =0, =0, then £'=0, 1 = —— .
iy
If =0, then A=0,
which shows that A is steady. Thus we can states as

follows-

Example (3.8): 3-dimensional n-Ricci soliton on f-
Kenmotsu manifold with the Schouten-van Kanpen
connection we consider the 3-dimensional manifold
M={(X,Y,Z) eR3, Z # 0}, where (X,Y,Z) are the

Standard coordinates in R3. the vector fields
d

d d
€1 =ZZE , €2 =Z25,63 =E
are linearly independent at each point of M. Let g
be the Riemannian metric defined by
g (ene3 )= g (eye3 )= g (e,e; )0,
g(er,e1)=g(ez, e2)=g(es, e3)=1.
Let n be the 1-form defined by n(Z) = g(Z, e3) for
any Zey(M). Let ¢ be the (1, 1) tensor field
defined by ¢(e;) = —e;, Pp(e;) = ey, ¢p(e3) =0,
then using linearity of ¢ and g, we have
n(es) = 1,¢%Z = —Z +n(2)es,
9@Z, pW)= g(ZW)-n(Z)n(W),
for any Z,W ey(M). Now by direct computations
we obtain
[ ene] =0,
2 2
_Ele [ell 63] = _Eel'
The Riemannian connection of the metric tensor g
is given by the Koszul’s formula which is
2 g(VxY,Z)=Xg(Y,2)+Y g(Z,X)-29(X,Y)-
gX Y. Z])- g(Y.[X.ZD)+g(Z,[X,Y]). (3.36)
Using from the above equation (3.36), we get

2 9(V.,e3,01)=29(—~ev,e1), 2 (Ve e3,€,)=0,
and 2 g(Veq, e3, e3)=0,
Hence V, e; = —%el, Similary V,,e; = —%ez ,
V., e3=0, further yields

les, e3] =
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Veye2 =0, Ve =§€3 v Ve,e2 =§€3;‘7ez€1 =0,
V.,e,=0, V,,e;=0. (3.37)
From (3.37), we see that the manifold satisfies
Vxé = fIX —n(X)E], for & =e;
where f:-é ,
Hence we conclude that M is an n-Ricci soliton on
f-Kenmotsu manifold. Also f2+ f # 0, known
that
RX\)Y)Z = WWZ-
VyVxZ = VixyZ,
R( ej,e;)es =0, R( eye3 ) ez =

€
7

4

R(e1, e;)e3 = —ZizepR(epez)ez =—7ze

R( ese; ) e =-—

R( €1,€; )

6

R(el,e3)e1:Z—2e3.

The Schouten-Van Kampen connection on M is
given by

2 2
Vele?y = (_E - f) el) V62e3 = (_E - f) le
Ve,e3 = —f(es — &), Ve, e,=0,

= 2

Ve,e2 =2 (e3 =8),Vese, =0,
2
7 (63 - E.')r Vez €1 =0, V63‘31 =0, Veiej =0.
(3.38)
From (3.38), we can see that V. ¢;=0, (1<i,j < 3)

for & = e; and f= %

€
72 €3 R( e, e3 ) e; =0,

4
e =€ R(ey, e3)e; =0,

Vele]_ =

Hence M is a 3-dimensional n -Ricci
soliton on f-Kenmotsu manifold with the Schouten-
Van Kampen connection.also using (3.38), it can
be seen that R=0.Thus the manifold M is a flat
manifold with respect to the Schouten-Van
Kampen connection.Since a flat is a Ricci-flat
manifold with respect to the Schouten-Van
Kampen connection, the manifold M is both a
Projectively flat and a Conharmonically flat 3-
dimensional nm -Ricci soliton on f-Kenmotsu
manifold  with respect to the Schouten-Van
Kampen connection. So, from theorem 1 and
theorem 2 is n-Einstein manifold with respect to
the Levi-Civita connection.
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