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ABSTRACT: Let G be a finite, connected,
undirected simple graph with p vertices and q
edges. If G, Gy, ..., G, are connected edge —
disjoint subgraphs of G with E(G) = E(G;) U E(Gy)
U...UE(G)), then {Gy, G,, ..., Gp}issaid to
be a decomposition of G. In this paper , we
introduce a new concept called Continuous
Monotonic Cube Decomposition. A graph G is
said to have a  Continuous Monotonic Cube
Decomposition if G can be decomposed into
subgraphs { Gy, Gy, . . . ,Gp} such that each G;j is
connected and | E (G) |=i,forl1< i< n.

2
n(n+1) :
Clearly , g = T . Also, we obtained

the characterization for a coconut tree graph CTp,
to admit  Continuous Monotonic  Cube
Decomposition.

Keywords : Decomposition of graph, Continuous
Monotonic Decomposition Continuous
Monotonic Cube Decomposition.

I. INTRODUCTION

Let G = (V, E) be a simple, connected
graph with p vertices and q edges. If G, Gy, . . .,
G, are connected edge — disjoint subgraphs of G
with E(G) = E(Gy) v E(G,) U ... U E(Gy), then
{Gy, Gy, ..., Gy} is said to be a decomposition of
G. Different types of decomposition of G have
been studied in the literature by imposing suitable
conditions on the subgraphs G;. In this paper, we
introduce a new concept called Continuous
Monotonic Cube Decomposition. Terms not
defined here are used in the sense of Harary [2].

Definition 1.1. Let G = (V, E) be a simple graph
of order p and size q. If Gy, G, ..., G,are edge -
disjoint subgraphs of G suchthat E(G) = E(G;) U

E(Gy)u... UE(Gy),then{ Gy, Gy, ... ,Gp}is
said to be a Decomposition of G.

Definition [3] 1.2. A decomposition {G;, G, . ..
, Gn } of a connected graph G is said to have
Continuous Monotonic Decomposition if each G;
is connected and | E(G))| =i, for1< i < n.
Definition [5] 1.3. A Coconut Tree graph CT(m,n)
is the graph obtained from the path P, by
appending m new pendant edges at an end vertex of
P.. If m = n, then a coconut tree graph CT(m,n) is
denoted as CT, .

1. CONTINUOUS MONOTONIC CUBE
DECOMPOSITION OF GRAPHS
Definition 2.1. A connected graph G admit
Continuous Monotonic Cube Decomposition {Gj,
Gy, ..., Gy} if each Gj is connected and |E(G))| =
P v i = 1, 2 . . . , n Clearly

n(n+1) ?
g= {T} is the sum of the cubes of first n

natural numbers. We denote the Continuous
Monotonic Cube Decomposition as

1G1.G,.G,;,., G

n® )

Example 2.2. Let us consider the complete
bipartite graph Kz 3. The graph Ks3 is given in the
following figure.
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Assume the result is true for r-1. Then k = 4r - 6.
>l x b 4r —6)(4r —5) |’
Then q’=2m—1={( )2( ) can be
decomposed into G, ,623 ,...,G(4r_6)3 }
Now, to prove the result is true for r. We have to
2
4r —2)(4r -1
prove thatq =2m -1 = {( )2( )} can
V1 V1 Vs be decomposed into P ,G23 ""’G(4r—2)3 }

e

The complete bipartite graph K3 3 admit Continuous
Monotonic Cube Decomposition {G;, Gg}. The
Continuous Monotonic Cube Decomposition of
Kz is given in the following figure.

oy

X

G Gy

Theorem 2.3. A connected graph G admit
Continuous  Monotonic  Cube  Decomposition

{Gl,Gs,Gn,...,GnS} if and only if q =

I:Mjr vVneN
> , .

I11. CONTINUOUS MONOTONIC CUBE

DECOMPOSITION OF CTy
Lemma 3.1. Let k+ 2 =0(mod 4). Then G can be

decomposed into {Gf’Gzal" G } Here

{M}:m_l
> .

Proof. We have k + 2 = 0(mod 4). Then k = 4r - 2,
r>1 and r € Z. Proof is by induction on r. When r
=1,k=2.Then 2m - 1 =9 can be decomposed into

{Gf ,G23 } Hence the result is true for r = 1.

Define g = ' v (4r-5) U (4r-4) U (4r-3) U (4r-2).
Then q = q' + (4r - 5)° + (4r - 4)° + (4r - 3)® + (4r -

2 = {(4r —2)(4r -1)
2

. ( . .

into {613’G23""’G(4r72)3 j- Hence by induction

2
} can be decomposed

hypothesis, the result is true for all r.

Lemma 3.2. Let k + 3 = 0(mod 4). Then G can be
decomposed  into {G G23 e G Here

[k(k +1)T=2m_1
= .

Proof. We have k + 3 = 0(mod 4). Then k = 4r - 3,
r>1and r € Z. Proof is by induction on r. When r
=1,k=1.Then2m - 1 =1 can be decomposed into

{613 } Hence the result is true for r = 1.

13, k3 "

Assume that the result is true for r - 1.
Then k = 4 - 7. Then q'=2m-1

_{(4r —~7)(4r —6)
B 2
Give Gy s |

= 4r-7)8
Now, to prove the result is true for r. We
have to prove that g = 2m - 1 =

[(4r ~-3)(4r-2)
2
FCe ""’G(4r—3)3 } Defineq=q U (4r-6) U

(4r-5) U (4r-4) U (4r-3). Theng=q' + (4r - 6)°
+ (4r - 5% + (@r - 4 + @4r - 3} =

[(4r —~3)(4r -2)

2
:| can be decomposed into

13!

2
} can be decomposed into

2
} can be decomposed into

2
13,623,...,6(4“3)3}. Hence by induction
hypothesis , the result is true
for allr.
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Theorem 3.3. For any odd integer m, CT,, has
Continuous Monotonic Cube decomposition [k-

decompositions] denoted by {Gf’Gzﬁ’"" Gk3

if and only if there exists an integer k satisfying the

following properties :

1. k=4r-2o0r4r-3,r>1andr e Z, where k
denotes the total number of decompositions.

{k(k +1)}2 P
= .

Proof. Let G = CTp,.. By the definition of G, g =2m
- 1. Assume that G accept Continuous Monotonic
Cube Decomposition. By the definition, q =

2
K(k+1
[—( 5 )} where k denotes the total number of

2
decompositions. Hence {@} =2m-1.

Kk +1)]? + 4]

8
integer. Since m is an odd integer, k = 4r - 2 or 4r
-3, r>1andr € Z.
Conversely, assume that k = 4r - 2 or 4r -

2
3,r>1andr € Z. Also {@} =2m-1.

Then m =

. Clearly m is an odd

2
Gy Gys |-

131 L3 ] k3
Hence G admit Continuous Monotonic Cube

Decomposition.

{k(k +1)}2
By Lemma 3.1 and 3.2, 2m-1= | ———

can be decomposed into {G

Hlustration 3.4. As an illustration, let us
decompose CTs. The graph CTs is given in the
following figure.

V1

CTs

Let G=CTs. Here m=5. Thenk=2. Thusk+ 2 =
0(mod 4). Hence G admit Continuous Monotonic
Cube  Decomposition.  The  decomposition

{G13 ,G23 } of G is given in the following figure.
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Table 3.5. List of first 10 CT,,’s that accept
Continuous Monotonic Cube decomposition and
their decompositions are given in the following

table.
Continuous
m Monotonic Cube
Decompositions
1 G
5 G:.G,
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13 CRpL I C
[
921 G:: G0 Gy
1013 GlS 3 GZ3 yueny Ggs [2]
1513 | Gp:Gyrs Gy &
4141 Gpi Gy Gy
G.,,G G 4
13 ] 23 ey 14:
5513 B
1170 Glg,ng,..., G17
5
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