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ABSTRACT

In this paper, we establish strong convergence
theorems with three steps iteration process for
generalized asymptotically quasi-nonexpansive
mappings in CAT(0) space. Our results extend,
generalize and improve many well-known results
in the literature.
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I. INTRODUCTION

Consider (X, d) as a metric space. A
geodesic path between x € X and y € X (or, to put
it another way, a geodesic from x to y) is a map ¢
from [0, /] to X with ¢(0) = x, c(/) = y and (d(c(?),
c(ty)) = |t—1t|, for any ¢, #, € [0, []. Thus c is an
isometry and d(x, y) = / . The image of c is a
geodesic (or metric) segment that joins x and y.
When geodesic is unique, it is denoted by [x, y].

The space (X, d) is said to be a geodesic
space if every two points in X are connected by a
geodesic, and X is said to be uniquely geodesic if
there is exactly one geodesic between x and y for
any x, y in X. If D contains every geodesic segment
connecting any two points, the subset D < X is
convex.

A geodesic triangle 4(x;, X;, X3) in a
geodesic metric space (X, d) is made up of three
points X;, X, X3 in X (the vertices of 4), with a
geodesic segment connecting each pair of vertices
(the edge of 4). A compari son triangle for the
geodesic triangle 4(x;, X,, X3) in (X, d) is a triangle
4 (X1, X2, X3) = 4(" Xy, X 2, X 3) in Euclidean space
R’such that dg2 ("xi, X ;) = d(x;, x;) for i, j € {1, 2,
33001

If the distance between any two points on
a geodesic triangle 4 does not exceed the distance
between its corresponding pair of points on its
COMPAr json wriangle + » then the geodesic space X is a
CAT(0) space.

Let 4 be a comparison triangle for a geodesic
triangle 4 in X. The 4 is satisfy the CAT(0)
inequality if V X, y € 4 and all comparison points
-y e4 such that

dix,y)<dg2 ( x,y ). (L.1)

A complete CAT(0) space is often called
Hadamard space [9] . Let X, y, z are points of X
and y, be the midpoint of segment [y, z], denoted
y®z

», then the CAT(0) inequality gives

5 i SRS
d*(z, ) £ grf')f..r._u:l - En"[.a'. z) - TF[H';]' 1.2)

This is called (CN) inequality of Bruhat and Tits
[2]. A geodesic space is said to be CAT(0) space if
and only if it satisfies the (CN) inequality [1].
Fixed point theory in CAT(0) spaces was first
studied by Kirk [6]. He proved that every
nonexpansive mapping defined on closed, bounded
convex subset of a complete CAT(0) space always
had a fixed point.

Let D be a non-empty subset of a CAT(0) space X
and let 7 : D — D be a mapping, In 2016,
Sintunavarat and Pitea[ 12] introduced an iteration
scheme in connection with Berinde-type operators.
For an arbitrary x; € D, a se quence {x,} results an
output of the following three-step procedure:
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o= |.1 T Il-'rljjllrl T "rlyrr “'”
Tasl = (L—ay )Tz + Ty, m e N,

where {a,}, {b,}, {c,} are real sequences in (0, 1).
For CAT(0) spaces, the iteration

procedure S, can be adapted as

follows: for an arbitrary x; € D, let

{x,} be generated by the procedure

below:

= (1 = IIf‘i‘i”‘i‘r & !}“TJ"”
i = |.1 - tﬁn:u-'n '":'i-'n.ifrr kl'l]

This iteration process can be presented in
connection with two Garcia-Falset operators, as
follows: for an arbitrary x; € D, let {x,} be
generated by the procedure:

U = [l ) I!Ju]-']"“ 'E'II.IJ“TH]'“
W= H B I",;).T'H i Cnlin (l-r!)

Insl = (1=ay) "z B2, Ty, ne N,

II. PRELIMINARIES
Let us recall some definitions and known results in
the existing literature on this concept.
Definition 2.1. Let (X, d) be a metric space and D
its nonempty subset. Let T : D — D be a mapping.
A point x € D is called a fixed point of T if T x =
x. We will also denote by S; (T) the set of fixed
points of T , thatis, Sp(T)={x €D : Tx=x} .
Definition 2.2. Let (X, d) be a CAT(0) space and D
be its nonempty subset of X in CAT(0) space.
Then T : D — D is said to be

1. nonexpansive, if d(T x, T y) <d(x, y), for all X, y
€ D;

3

2. uniformly L-Lipschitzian, if there exists a L €
(0, o) such that d(T"x, T "y) < Ld(x, y) for all x, y
€Dandn>1;

3. generalized asymptotically quasi-nonexpansive
[8]1f S¢(T) 6= @ and there exists two sequences
lim,_., p, = 0 = lim,_,.,, K, such that d(T"x, p) < (1 +
p)d(x, p) + 1, forall x € D,n € N;

4. compact, if for any bounded sequence {x,} in D,
the sequence {T x,} contains a converging
subsequence.

Lemma 2.1. [11] Let X be a CAT(0) space .

(i) Let x, y € X, For each t € [0, 1], there exists a
unique point z € [x, y| such that

d(x, z) = td(x, y), d(y, z) = (1 — )d(x, y).
2.1)

We use the notation (1 — t)x € ty for unique point
z satisfying (2.1)

(i) Forallt € [0, IJand x,y,z € X

d(((1—t)ag)ly, 2) < (1= t)dlx, z) + td(y, ). (2.2)
(iii) Forallt € [0, IJand x,y,z € X

oy 1 fi ] 1 ;
i [ 0 B B o S o A e 4 8 S R

Let {x,} be a sequence in a metric space
(X, d), and D be a subset of X. We say the {x,} is
of monotone type (A) with respect to D if each p €
D, there exist two sequences {a,} and {f,} of non
negative real numbers such

that Z::ﬁfu.. < oo and Z::T‘ 3y < oo such that
d(z,01:0) < (14 o, )z, p) + 8, (2.4)

we say the {x,} is of monotone type (B) with
respect to D [13] if each p € D, there exist two
sequences {o0,} and {B.} of non negative real
numbers

=X =00
such that 3~ " oy <ocand Y 7 By < oo such that

d(zpe1, D) £ (14 0y )dl 2y, D) + By (2.5)

Lemma 2.2. [14] Let {pn}, {Qu}, {rn} be three
sequences of non negative real numbers satisfying
the following conditions:

Putd S (L4 G ) £ 1 EH.ELNH < x.):ff:”r“ <K,
Then

(1) lim p, exsshs
i

(2] In addition, of hmink, o py =0, then lm p, =10

-0
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IoI. MAIN RESULTS
Theorem 3.1. Let D be a closed convex subset of
complete CAT(0) space X and T :— D be a
generalized asymptotically —quasi-nonexpansive
mapping with {ln}, {Kny c [0, =) such that P"n=1 Hn < 0 and
P” =1 K < o0. Suppose S;(T) is closed. Let {x,} be
an iteration as (1.5), then sequence {x,} is of
monotone type (A) and monotone of type (B) with

respect to F(T). Moreover, {x,} converges strongly
to a fixed point p of mapping T if only if

lim,_,, inf d(x,, S¢(T)) =0,

where d(X, Sf(T)) = infpesf(T){d(X, p)}

Proof. The necessary is obvious and so it is
omitted. Now, we prove the sufficiency.

For p € S¢(T), from (1.5), (2.2) and definition 2.2,
we have

d{ . ) = d{(1 — by )y & by T 2y, p)

FAN P P Fa

this give

(1 — by )d(xp, p) + bnd{T "z, p)

(1 — by )d{zn, p) + bu|d(1 + pen (2, p) + Kl
di iy, p) + buprnd(xn, p) + baky

(1 + by piy (s, p) + bytin,

d{yn. p) = (1 4+ bppen)d(zn, p) + Bakey, (3.1)

d{zn, p) = d((1 — &, )2y B Catin. P)

< (1 —ey)dlcn, p) + cnd{yn, p)

< (1 —en)d{xn, p) + cnl(1l + paba)d{za, p) + buka]
< d(x,,p) + E,,}I“!J'”I’.f(ff..,.jr.i} + bk,

< (1+ Cr g by }d{—rfn}'f] + bpenks,

this give

*'j'::m_f-’}' = '{1 + E'w.ﬂ-u'!-"fr }"-'r-[-'ffr- .U]' + butnkn. {:l-jj

From (3.1) and (3.2), we have

dltns1.p) =dl{1 —an) Tz & 0T yu. p)

< (11— an)d(T" 2. p) + and(T" i, p)

= {I = ”rr}':“ + iy ]d{f-rh;”J L5 h'-rr] + ﬂ:u[“ + p,,}d(g,‘.p} + H:-:]

':_: [I— — iy {1 T Hy ]d{:rrf F] T {1 o= unJHn i ”‘1-:[1 + e }d[.":"n'p] T iy Ky
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< (1—an (14 ) [ 1+enpenbn Jd (20, p)Hnenn]Fan (g ) [( 1B e Jd{ 20, p)+
E-':-:-f'irr] + (1 — ag )k + @nky
= {1 =5 Hrt}{l =k FrtHl 7 l':nPnE'?t:ld[IluPJ o {1 = ﬂ-nJ“’- g = .F‘n]'l"nf-':aﬁu + ﬂn{l T+
P ) (1 buptn Jd( 20, p) + an(1 + pin )bpbin + £n
< [[1 —an 1+ pa M1+ enpinba ) +an(1+pa )1 +hnp,,j]d{mn,p} + (1 —a, {1+
i JbonCntin + anll + pn ) batin + Ky
< (1 + 11,“][[1 — ap)(1 + enpinby) + a,(1 + E.IT,_uﬂj]:I{JT“,p]I + (1 —ag J(1 +
ftn )bnensin + an(1 + pin )butin + tin
< (1 +F:J[l+bu‘:rnun —ayb, ey, +u“b”;1“_ldlz_!?“ o) —ay (1 +py, Joge i, +
tn {1+ Hine }'E'n""-n + Fn
! { 1 +‘T?n‘-'nf-1n —tnbnty Hn Ty bn#n +Ha +bnf-':u.f-‘;_: _"-'-:-:'!-"u'f'n.“f: +ayhy, Fi]‘i{-l'm P}"I‘
(1 — an)(1 4+ pin)bncntin + aul(l + pin)bnrn + Kn
= (1+ P, )d{x,,p) + Qu,

this give

f-“:-frl+[~P} = [1 - P:a]'d':-"-'n-ﬁ} + ch (3-3}

where P, = by, Cfin — by Cpjin +anbyfty + o+ bncn s — apby et 4 a, b i
and Qn - “ = ﬂn}'{] + fey ]"!-"rtf-‘i: Ky + ﬂn“ + J-L.u]ﬁn-""-r: + Hy.

Sine by hypothesis, 3"~  p, < ocand 3 ° &, < oo, its follows that

Lonm1 Pu<ocand 330, Qn < oo,
Now from (3.3). we get

d(zns1, SHT)) < (14 Pa)d(za, SH(T)) + Qu- (3.4)

These inequalities, respectively, prove that
{x,} is sequence of mono tone type (A) and
monotone type (B) with respect to S;(7). Now, we
prove that {x,} converges strongly to a fixed point
of the mapping 7 if and only if lim inf,_,.. d(x, Sy
(D) =0.

If x, — p €S/(T), then lim,_,..d(x,, p) = 0.

Since 0 < d(x,, Sy (7)) < d(x,, p), we have lim
inf, ., d(x,, F(T)) =0 conversely, suppose that lim
inf,_,., d(x,, F(T)) = 0. Apply lemma 2.2 to (3.4),
we have that lim inf,_,., d(x,, F(7)) exists. Further
by hypothesis lim inf,_, d(x,F(I) = 0, we
conclude that lim inf,_,, d(x,, F(T)) =0,
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d{Tn+m, p) £ (14 Furm-1)d(Tnsm—1,8) + Qniem—

< efmm-rd(zy o 1:0) + Qnim—1

< efetm-tfePuinm—td(e e 0.p) + Qnam=a] + Quem=1

L e\ Patm—1 + Poym-2)d(Tnsm—z,p) + eFnem-1[Qu i 9+ Quim-1]

P = = L
< eZion  Ped{zy,p) + eZimnis B(yatm-lp,)

k=n-+l
< e rf:‘-l *cI[-rmp] +,=-Eil:-'"--! F‘Ii :‘::::1—] Qk}-,
this give
I =1 e 1 L s
d(@nimp) < eZbmn  Pod(zy,p)+eZhen (Y Q). (3.5)
k=n

Lot M = eBuen 2 P then () < M < oo, and
N ryrm, p) < Mdlx,p) + ﬁ-f{z*,f_j::“quk for all natural mummbers m, n and
p< Sp(T). Since liminf, . d{xy, S7(T)) =
therefore for év Lr‘i. e =0, there exists a natural nmunmber N such that

i £
dian. SH(T)) < — 3” and (3N, < e

p" € Sp(T) such that d(xy,p*) < ﬁ Henece, forall > N, and m = 1,
= 3

yfor all m = WV, So we can find

we have

ﬂ!{In+:rrn -1:“] = "-E{-l:ri-e—n-h.i"-"]' - EI'['-EH~P:}
< Md{zn,p*) + M2 o Qn + Md(zy,0*) + MITE y Qn
< 2Md(zy,p*) + 2M 32 Qn
=M (-HI ki M’) ==
this give

d(£n+:r|.-. J-_rl.] =", I::ﬂﬁ}l
This proves that {x,} is Cauchy sequence. is closed, therefore z € D. Next, we show that z €
Thus, the completeness of X implies that {x,} must Sr(T). Now, the following two inequalities:

be convergent. Assume that lim,_,.x, = z. Since D

diz,p) = d(z,xn) + d(xnu, p) for every p € Sp(T), n € N, (3.7)

eqquation (3.7) give

—d{z,xn) = d(z, Sp(T))—d{xn. S(T)) < d(z.2q), Vo Sy (T),n c M, (3.8)
this gives
ld{=z, S¢(T)) — d{xn, Se(T))| < dlz, 2,),n € BL
Since lim &y = =z, and Inn d(xpn. Sp(T)) = 0, these gives z € 57(T). This

Fi— s
completes the proof. |
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Lemma 3.2. Let (X, d) be a complete CAT{D) space, and let D be a nonemply
closed, conver subset of X Let T : D) — D) be a uniformly continuous gener-
alized asymptotically quasi-nonezpansive mapping with {pa} {s,} < [0, 00)
such that 3~ s, < 0c and ¥, | Ky < 00. Suppose Sp(T) # 0. Let {x.}
be an iteration as (1.5). Let {a,}. {b,} and {c, } be real sequences in [8,1—4]
Jord € (0, 1). If iminf, .. d{cn, p) < liminf, ., d{yn. p). Then

e 3 T —
(a) n‘f_lpliﬂd{T Zn, T n) =0
{b) nl.Luélﬂd{J:ﬂ._ T g ) = 0.

Proof. Let p € Sp(T). Then by Theorem 3.1, we have lim d{r, . p) exists
B —O0
Let lim «d(x,.p) = a. This give
—oG

hr{Er].:Ef d(wn.p) = a < uﬂuj}i}éf d{ gy, p)- (3.9)

If o = 0 then by continmity of T the conclusion follows.
MNow if o = (.
We claim that lim Jd(T"=,, T"yn) = Jlim d{ca.ya) = lim d(aon, TV, ) = 0.
Ta—r 00 T —FiD T —FDC
Since {x } is bounded, then there exists /& = 0 such that {x. }b {yad. {20} <
Negl(p) for all i e B Using (1.5) and (2.3), we have
d2(yn, p) = &2((1 — bu)ayn © b, Ty, p)
(1 — E‘rlj"—"{?{muw )+ bﬂdﬂtTnErn T—':l - bfi{l - bﬂjd—ziiﬂﬂ1 Ty )
{1 - E'-‘u}dg{l'nu 2+ by E{l —+ .l'—'—ﬂ:"'-F{JTn+P:| + "';H]Z — b1 — bﬂjdgi-l'rn T"-Tu]
= (L — E'fh}dﬂt:mﬂ"p} + b1 + P:ajg‘F{In* ) + b'n""zﬁ 4 Bt (1 4+ pe) — By {1 —
&n}dz{-rru T{In:l
= {1 — &led‘a{zrlup} —+ bn{l —+ tin }2‘-‘{2{—5:;-_{3] 0 Elru(l - bﬁ}dz{-rn-T“Iﬂ]
= |:1 o bnﬂﬁ + Zﬁﬂﬁnjd2{£n1}-'} — n — bntl — biljdz{lﬂ1 THIH}

=
=

E {_1 + Tﬂ_]d'.!E{I"._ P} + Pﬂ = '[lu{l — b”_][.tg{u.:-r|q T.IH}.
this give

d* (Yoo p) < (1 + 70 )d% (0. ) + Pu — Bl — by )d® (20, T x4,), (3.10)
eguation (3.10) give
EF{HH-.P‘} = {1 —+ Ta:}dzf.irmp} —+ s (3.11}

where P = Eﬁih?. G br:"-::a{]- + Fuj + T = bﬂ.f-‘ﬁ £ Ebnﬂn-

d*(zn, p) = "-Ff.“ — €n)Zn B Cnlin, D)
<(1-— "—'ﬂ-]"—’?{lan:‘ + t_:,.-,cleiyn,p} — el — t_',,t}dﬂl:.r,,_.y,-,}
= [1 == f—'n}'iﬁ{-'fnff’} Oy [{1 -4 T:JEF{IH:.P} - P*:] = C-rr{l = ﬂn]d?{-'ﬂrh Hﬂ.}
= {1 + f:ﬂTu:'dQ'::f-'::-P} + enp —enll —cn :Fd‘_j{l'ru Yn )
= {1 i+ T‘I‘Ljfﬁ{.‘-ﬂﬂ‘- P} + 05— 'r-:rl'[1 — Eﬂjdg'l:ﬂﬂ' yj‘l.:]"
which pive

dﬂ'l:z':u-.p} = {1 ‘3 TH::I{IE{Iﬂ."p.} + Py — ':n.{l =% l':“}ﬂ!ﬂ{:fﬂ__ yn::lf {3'12}
equation (3.12) give

‘P{EWP} =+ Tﬂjc'lﬁ (Z0.p) + P (3.13)
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Since by assumption that Eﬁ;l py = oo, and Ei""‘:l K, < oo, it follows that
EHEE:]- Toi <000, and ET:] r < DO

Apain note that

d*(xa1,p) = d*((1 —an)T" 25 & anT yn, p)
< (1 — an 3 (T z0.p) + and® (T o, p) — (1l —an)d® (T 20, T"Yn )
= {]‘_Erlj[l:l_'_F:H }Ed{zn,p}-[—rcﬁ+2r;"{1—|—p”:Idl:zu.p:l]+u,‘[(I+p,t}2d‘2{yﬂ.pJ+
ke + 2501 4 pn )d{gn. D)) — an(l — ap)d?(T7z,. Ty, )
= [1 = ﬂ-n}Hl == Fn:'zd‘z[z-ru P‘]l + n’n} = 5 ﬂn[{]- + Hn }Zd“}{yaupj = -'3-“-] =, ﬂul::]- ==
ﬂrn}"-F [Tr” = T“Hn]
= (1 — Hﬂ}[l:.l == Fn]‘ﬂ{[l =i Tn]dz{iﬂruP} + ) + Eln] =1 U-::[“ -+ FILJE{{I = &
Tu.]dz{iﬂn- P:' b 5 .ﬂ-r-} e ﬂn] == "'-I:rl.{]- — g :]JE{T"ZH-i Ttyu}
= {1+Pn}2{ 1475 :'C'I-E{:ru-. P}"‘Fﬂ"‘{l_ﬂn]”n"_ﬂﬂ.ﬂn _ﬂﬂ{l_ﬂn}dz{Tﬂ =1+ Tnyu}
= {1 k- !-n,]dﬂ{:ﬂn-.l'-’:' + dy — un{l = 'ﬂ-n]di{j-“zvn Ttyu}
Which give

dz'[”:ﬂ'—.hp:] =(1+ Lnjdg{-'ﬂn~f’:] + ¢ —an(l — ﬂﬂ]dE{Tuzwn T"yn), (3.14)
equation (3.14) give

dg'[l:ft—e—i-.P] < {1+ in}di{-'fﬂ1 P] + n, {3-15}

where o, = ﬁ«_:. + 26 (1 + #-J}dtzﬂaPL Bn = Hi +2-H:ﬂ::l + pin ) Wn . p),
bn = Tapis + 27ty + pe + 24y, and @y = pn + (1 — ag ), + a,3,. Since
B by S B0, Y Ky X OO I T X O and o oy = 00 it Rl
lows that ¢, < oo, and Y} 77, ¢, < oo. Observe that 8 < an(l — a,) and
ZT:I by, = oo and ZT:I dhy < oo, For v 2= 1, (3.14) implies

o 1 "t 1 i m
n=1 EIZ{T Znyd Yn) < 5_ [‘P{Ihp} —d° (Tmsa ‘P] + En:l tﬂdgtwﬂ“p}l + Eu:l 'EI’“]

<3 [RErp) + B ta+ T, 6]

when m — oo, we have 3. (T, Ty < o0, since Ny Do i,
oo ad d{z,.p) <RV n = 1.

Henece

lim d(T™ 2., T"ys) = (. (3.16)

—00
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Thus assertion (a) of the lemma is proved,

d{yn.p) = d{{l — by )rn & 'EﬂTnIH:-P]
= [}- = E"n,'ld{-'fnq P} Gz E"ﬂd'[T“quF}
<1 — f.rn':ld{:nup} —+ &11[{1 =+ P'rtjd{Iru p)+ "'ﬂ]
't fl = E‘nFan{TnmP} + by Py 4
from which we deduce that limsup__,__ d{y,. p) < o. Therefore nl_u;lso dg, ., p) =
¥,

Now from (310}, for m = 1, implies

for mn = 1, implies

T

1 ;
ne1 @ (0, Tyn) < =5 [3200 Tad® (20, p) + 32011 pul

1
< LIREER ]
when m — oo, we have

i (s T yn ) < oo, since N o Tt D0 gy P 0o and d2a; p) <
BRY n>=1.

Hence
lim d{x,, T ) = 0. (3.17)

Fi—F 50

This assertion (b) of the Lemma is proved. This completes the proof of
Lemma 3.2.

(]

Lemma 3.3. Let (X, d) be e complete CAT(0) space, and let D be a nonempty
closed, convexr subset of X. Let T 1 D — D be a uniformly 1-Lipschitzian
generalized asymptotically quasi-nonerpansive mapping with {p, b {sa} ©
[0, 00) such that 3o ) ptn < 00 and ¥ oo | kn < 00. Suppose Sp(T) # 0. Let
{a,.} be an iteration as (1.5). Let {a,}, {b.} and {c,.} be real sequences in
(6,1 — 48] for-d € (0.1). If iminf, . d(z,.p) < liminf, . d{y,.p). Then

lim (Txp. 2n) = O.
—00
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Proof. From Lemma 3.2, we have

lim (T2, T yn) = 0 and. lim oz, Taeg) = 0. (3.18)
L —OD

L B o )

From (3.18) and (1.5}, we have

limm @, ) =0 &lldf}ﬂ:;dfzf.L:n} = (1. (3.19)

T — o

Since T is uniformly 1-Lipschitz=ian, we have
d{Tn i1, Tn) = d({1 — an)T" 2, B an T Yn, Tn)
= (1 —an)d(T" 20, 0 ) + and(T" yn; Tn )
LAl —an) (T 0. T2, ) + T g, 20 )] + gn [d{T " . T )+ (T, 25]]
< (1 — an){d(zn: Tn) + AT xn, £4)] + anl[d{yn, ) + d(T"zn, xa)]
= (1 —ay)d(z,, vy) + and(yy, o) + d(Tr,, x,),

this give
e d(ranpr;xa) =k (3.20)

—

Again since T is uniformly 1-Lipschitziann, equations (3.20) and (3.18), we have

Eﬂ-f-'n+i- Tﬂil:u+1]| = I5-!I|:-"-':|1+1- J—'u]' Tt "-E{Tnffne if-'n]' + d{jnn-fn+l1 T--nilT;u:'
= I5-|!I|i-1'-'=-|+1-. In} + ﬂl{T“Tne iT-'n} =+ d{l'n'T!a_ Cﬂﬂ:}
= 2'5-il'{-'1":'1+11:fn] + d{T“I’nm Trl]»r

which give
fimn (et T"%ns1) = 0. (3.21)

n—o0
Since T is uniformly 1-Lipschitzian, we get
I5-|r|::-'1:n+1-. T-'-En+j } = d{.‘[:"_;i._ Tn_._]rn+1 } + If-ﬁ.:Tm_'_]'irr|+i-T|~f':1+11.|
= I5-|!I|i-1'-'=-i+1-. Tﬂ+tIn+1} + l'-“Ii““'-r-'n+l1 Trgl)s
which give,

H!11_13&5:&:. Al T T =1, (3.22)
which give,
lim d{xy,, Tx,) = 0. (3.23)
s
This completes the proof. O
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Theorem 3.4. Led (X.d) e a complete CAT(0) spoce. and let I be a
nonemply closed, conver subset! of X. Led T : I — D be a uniformly
I-Lipschitzian generalized asymplotically guasi-nonesponsive mapping wath
fpnti{mnt C [0.00) such that 3 00y = 0o and 3 o0 4 kg < 0O. Suppose
Se(T) # 0. Let {xy} be an iteration as ((1.5). Let {fau}, {ba} and fes}
be real sequences in [6,1 — 8] for 8 = (0,1). Assume, @ addition that T s
compiact. Then {xaV. {yn} and {z.} converge strongly to a fivred point of T.

Proof. By Lemma 3.3, we have

lim dfx,,: Trp ) = Oend im d{x,,, y,.) = 0.

Fi— e ¥ — 20

(3.23)

litn d{xyn, Txy) =0 and Mm d{x,, ) = 0.

T F—OC

Apain by Theorem 3.1, {x, } is bounded. It follows by our assumption T
is compact, then there exists a subsegquence {Tax,, } of {Tr,} such that
Ty, — x* £ 2 ags & — 2o, By again, we have

d{x®*, Tx®) = lim gy e, ) =1 (1)
B —smm
It shows that x* £ S¢(T"). Furthermore, since r?]1_|}|_:|»L il Ty, ™) exists, therfore
].i.l;l.;_ dixy ., ™) = 0 that iz, r, is converges to a fixed point of T. B |
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