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ABSTRACT: The laws of the universe are written
in the language of mathematics. Algebra is enough
to solve many static problems. However, Most of
the natural phenomena of interest involve variation
and are often described by equations that involve
quantitative change, that is differential equations.
Especially, linear differential equations appear in
many physics problems such as Vibrating Springs,
Damped Vibrations, Forced Vibrations, Electric
Circuits. Therefore, developing methods to solve
differential equations is very important in analysis.
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I. INTRODUCTION
The method of solving the homogeneous
first-order linear differential equations and the
second-order homogeneous linear differential
equations are presented in [3]. So it is easy to solve
the first- order linear differential equations or the
second- order linear differential equations with
constant coefficients. To find the general solution of
a the second- order homogeneous linear differential
equation with function coefficients, we need to find
its two linear independent eigensolutions, this is
difficult for some equations, so it is necessary to
develop other methods to find solutions to these
equations. Using power series to find solution of
homogeneous linear differential equations is an

effective method to solve this problem.

1. METHOD USING POWER SERIES
To find the power series solution of a homogeneous

o0
linear differential equation form: y = Z anx" (1)
n=0
It is notice that the following property of the power
series: In the convergence interval of the power
series, it can take the derivative and integrate each
term of the series, the new series has the same radius
of convergence as the original series. Therefore,
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formula (1) is takeen the derivative and then
substitute it in the differential equation and from
there determine the values of the constants so that it
correctly solves the differential equation. First, to
illustrate this method, consider the following
example.

Example 1. Solve the differential equation:
y'-y=0 (2)

0]
Solution. Assume y=2anxn 3)

n=0
(e 0]
y'= Z napx"
n=1
0]
y"= z n(n—1)a,x"~2
n=2

We reindex the series ( replace n with n+2) to obtain

0]
y =Y (n+2)(n+Day X"
n=0
Putting y’’ and y into Equation (2)

[e0] (e 0]
Z (n+2)(n+1a,, X" —Z ax" =0
n=0 n=0

o0
< D [(n+2)(n+Da,,, —a,]x" =0 @)

n=0
If two power series are equal, then the
corresponding coefficients must be equal. Therefore

the coeffcients of x" in Equation (4) must be 0:
(n+2)(n+Dan,2 —ap, =0

g,
2 T i (n+2)
Putn:0:>a2=@=@

1.2 2!
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Put n=1=ag=—- aa
23 3!
Putn=2=a4 = 2__% _%
34 1234 4
Pt n=3=ag= B__4a &
45 2345 5!
For the even coefficients: aoy = ——
(2n)!
For the odd coefficients: a S
F LT on )

Putting these values back into Equation (3), the
solution is written as

_ 2 3 4 5
—3.0+&1X+8.2X +a3x +agX +a5x +...

_a0+ax+aoxz+ﬁ 3,% .4, 8,5,
21 3l 4| 5|

= +ﬁ+ﬁ+ +a x+£+£+
=2| 1 41 S A TR-TR

Maclaurin series of e*and e*
2 3 4 5
X x> x* x
Xl X b et (5)
21 31 41 5l

X3 xt e

are known as

e X ol-x+———"+— -4 (6)
2! 31 41 5l
Adding each side (5) and (6):
eX e X x2 X
— =1+t —+—+
2 214
Subtractlng each side (5) and (6):
eX—e7X X0
=X+ —+—+...
2 3! 5l

Thus, the solution is

1+ﬁ+x4+ + & x+£+£+
e TR TIA R | R TR

_a eXJre_X+a eX—e*
T2 Tt

_%*a& x -3
2 2
—X

=C1eX+CZe
(for Cp =204 cz_aozal)

The solution of equation (2) is found in a simple
way by the method of solving the characteristic

equation k?-1=0<k=+1 and solution is

y =Cie* +Coe™*

The method using power series is also applicable to
first- order homogeneous linear differential
equations.

Example 2. Solve the differential equation:
y'=xy=0 (7)

[ee]
Solution. Asume that y = Z apx"
n=0

o0 o0
y'= Z:nanxn 1o Z (n+Dayqx"
n=1 n=0

Putting y’and y into Equation (7):

o0 o0
Z (n+Dapqx" - XZ ax" =0
n=0 n=0

o0 o0
& Y (n+Dagx" - apx™ =0

n=0 n=0
o0 e}
n n
= Z (n+Dapy1x —Zan_lx =
n=0 n=1

o0
S+ Z[(n +Dapyg —an1]x" =0 (8)

n=1
If two power series are equal, then the
corresponding coefficients must be equal. Therefore
the coeffcients of x" and a in Equation (8) must
be 0:

a1:0
an-1
a, ==
n+l n+1
Putnzlzazz%
PUtn:Z:}aS:a—SJ‘:O
Putn=3:>a4=2=$=i
4 24 229
Putn:4:>a5:a—§=0
Putn:5:>a6:a_4:&:ﬂ
6 246 2 3l
For the even coefficients, a, = %
2Nt

For the odd coefficients, agy,q =0

Thus, solution of equation is

=apg + X+ 6.2X2 + a3x3 + a4x4 + a5x5 +...
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a2 d 4, 9 .6

=ag+— X +——X +——X +...
2 2221 2831

2 252 2,3
=qg 1+)i +(X2) +(X3) +..
2. 2221 2°3l
It is recognized the series obtained in solution above

X2

as being the Maclaurin series for e 2 . Therefore

X2

the solution is written as y = age 2 .

These are simple examples illustrating how to use
power series to find solutions of homogeneous
linear differential equations. To see the effectiveness
of this method, consider the following examples.

Example 3. Solve the differential equation:
y'—xy—y=0 (9)

[e 0]
Solution. Suppose y = Z anxn

n=0
[e0]
y'= Z napx"
n=1
0
y'= z n(n—1)a,x"~2
n=2

Putting y’’, y’ and y into Equation (9):

o0

[e 0] o0
Z n(n—1)a,x"? - XZ na,x" L - Z anx" =0
n=2 n=1 n=0
0 (o] 0
o z (n+2)(n+1)a,,ox" —Z:nanxn - Zanxn =0
n=0 =1 n=0

[e 0]
=N Z[(n+2)(n +1)a;2 —Nap —an |x" =0
n=0

1
Thus, we have ap,p = (n+lay _ an
(n+2)(n+1) n+2
ap ap ap
Ay =—, 4y =—,dQ =——,
- 2 2.4 2.4.6
2l & &
a =" =_1a~ ~
37 3% 735 % T357

Thus, the solution is
mx2 +ﬂx3 +$x4 +ix5 +...
2 2. 35

= 1+£+ﬁ+ + & X+X—3+i+
N I VR K R IET- R

=apy1(X) +agy2(x)

y=ag+aX+

XZ

We recognize yq (x) is the Maclaurin series for eE .
However, yo(x) do not define any elementary

functions. Therefor, if this equation is solved by the
method of finding 2 linear independent eigen
solutions, it will be very difficult to find
eigensolutions y,(X) .

The power series method is also used to solve the
initial-value problems.

Example 4. Find solution of the differential
equation: @+ xz)y“— 4xy'+6y=0 (10),
y(0)=0, y'(0) =1

o0
Solution. Suppose y = Z anxn

n=0
e e]
y'= Z nan,x"
n=1
0
y'= Z n(n—1)a,x"2
n=2
Putting y’’, y’ and y into Equation (10):
e8] o0 [oe}
1+ xz)z n(n-1)a,x"2 —4xz nanx" L+ 62 ax" =0
n=2 n=1 n=0
0 0 0
= z n(n-1)a,x" 2 + Z n(n—1)apx" —42 nanXx"
n=2 n=2 n=1

o0
+GZ apx" =0
n=0

0 0 e8]
& Z (n+2)(n+1ay, ox" + Z n(n-1a,x" - Z4nanx”
n=0 n=2 n=1

0
+z 6a,x" =0
n=0

0
& Z [(n+2)(n+D)an2 +n(n-1ay —4na, +6a, ]x" =0
n=0

Thus, the coeffcients of x" must be 0, we get:

(N> -5n+6)a,  (n—2)(n-3)a,

any2 =— == (11)
(n+2)(n+1) (n+2)(n+1)

One of the given conditions is

y(0)=ag+a.0+ar.0+.. < ay=0

The other given condition is
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y'(0) =& +ap.0+a3.0+... < a =1
Since the recursion formula (11), we have

6
n:O:aZ:—%O:O

a
n:1:>a3:—€1

Nn=2=a,=0

n=3=a5=0=a,=0vn=2

Therefore the solution of the initial-value problem is
13

=X—=X
Y 3

I11. CONCLUSIONS
There are many methods to solve
differential equations, but the method using power
series will be especially effective when solving
homogeneous linear differential equations with
function coefficients which is very difficult or even
impossible to find two independent eigensolutions.
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