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ABSTRACT

A newhybrid variable step size of blockbackward
differentiationformula (HVSSBBDF)for integrating
stiff initial value problems of ordinary differential
equation was introduced. The new scheme
employed a variable step size technique. The
proposed method canapproximatestwo solution
values and two off-step values at each iteration.
The stability analysishas been carried out.The
method is found to satisfy the entire stability
criteria, so the scheme is zero and A-stable capable
for handling stiff IVVPs. Different stable method
would be obtains by varying the step size ratio
appropriately in the formula. Existingstiff I\VPs are
solved using the proposed scheme, the results are
found to validate the performances of the new
scheme in terms of accuracy of the scale error
andminimum execution time for most of the
problem considered in the research. Hence, the
proposed new scheme is recommended for the
solutions to stiff I\VPs of ODEs.

Keywords: A — stable,block method, stiff ODEs,
variable step, zero stable

l. INTRODUCTION
An interesting aspect of mathematics is
the ability to transforms real-life problemsinto
mathematical models and then solve with a relevant
methods. Most of the scientific and engineering
problems are transform into a differential

equations. Such equations can either be partial or
ordinary differential equations. Obtaining solutions
to those differential equations are the ultimate goals
of the scholars that modeled the equations.
Unfortunately, often times the modeled equations
turn to be stiff in the solution, a phenomena that
comprises transient and steady state in the solution.
Stiff problem usually deviates from been solved
analytically due to its complexities and other
phenomena which is found within its solution, the
transient and steady state components found in its
solution make explicit method difficult to handle
with appreciated results. Hence, preferences are
always channels to numerical methods that would
solve any sort of stiff IVP of ODEs. The ultimate
goal is to get a method with a solution that has
absolutely minimum scale error and computational
time. Backward differentiation formula came to be
developed by Curtiss and Hirschfield [1], several
extensions of [1] was carrryout by many scholars
incuding Cash [2-3], the block aspect of [1] was
formulated by [4]. Different scholars work
tremendeously in devicing a BBDF method that
can handle stiff IVPS with minimum error and
computational time, these can be found in
[51.[6].[71.[8].[9].[10].[11].[12],[13].[14].[15], [16]
& [17]. Several researchers also contributed
immensely in solving numerical problems related
to real life aspect such include [18], [19], [20],
[21], [22],[23].[24]& [25].

This study considers deriving avariable step size block backward differentiationaspect of [16]. It is of the form

Z,‘Z=o ®iYn+j—2 + Zj3=0 043, Yn+G+1/2) = DBifnik

k=-,1,2
2 2

>.2 (1)

The propose scheme is archived by maintaining the same order whilemodifying (1) to consider the step size
variable r, to came-up with another hybrid method with variable step size strategy of the form

2 3 _
20 % irYn4j—2 T 2i=0 %43, Yn+G+1/2) = DBriaifnik

3

1
k=112 2 2

The proposed method approximates two solution valuesof y, 11, 4+, and two off-step valuesof y .1, y .sata
2 2

time simultaneously, per integration step for a stiff ODE of the following form
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y=1f(x Y), Y@=1 a<x<b

Y = (V1,¥2 Y30 cor eer oo Yn)y 1 T = (T, T, T, ..., TN, )

1. METHODOLOGY
2.1 Formulation of the Proposed Method
In this section, two approximate solution values
Yn41 and y,,, with step size h, and two off-step

} ®3)

The proposed method(2) is used in this
formulation, where kandi have the same value.
The formula (2) is derived using Taylor’s series
expansion about x,

2.1.1 Definition: According to [17], the linear
operator L;associated with first, second, third and
fourth point of the method with off-step point
method isdefined as follows:

Consider the following value of k &i’'s value in
(3) for the cases below:

points yn% and yn% which are chosen at the

points where the step size is halved are formulated
in a block simultaneously. The formulae are
computed using two back values y, and y,_; with
step size h.

Lily(xa), hl: agiyn—2 + 01yn—1 + az,yn + 43iY 4L + Q4 iYns1 T UsiYn4d + ai¥n+2 — hPBririfask =0 (3)

CASEl:k=i=%

1
L%[y(xn), h]: %o L¥n-2 F & 1¥n-1 + 0y 1yn + 01y, 1 + @ 1ynig + g1y, 43 + Qg 1naz = hB%% [f (Xn + gh)]

(4)
CASE2:k=i=1

Li[y(xy), h]: 0tg,1yn—2 + 011Yn—1 + @1y + 431,41 + 041 Y01 T A51Y 043 + 0g1Yntz — B2 [f(xy +h)] =
0 ()

CASE3:k=i=1

Lg[y(xn), h]: %03Yn—2 F & 3Yn—1 + 0, 3Yn + 033y, 1+ 0 3Ynir + A3, 43+ A 3Ynse hB;% [f (Xn +
32h=0 (6)

CASE4:k=i=2

Lo [y(xn), h]: @g2¥n—2 + @1 2Yn—1 + a2y + 432Y ;41 + Ay o¥ne1 + ®s5,2Y5 43 + Qg 2¥ntz — B3 [f(x, +
2h=0 (7)

From cases 1,2,3& 4, we have the following linear operators

1
L% [w(x,).h]: ctu%yn_z + ctléyn_l + ctzéyn + C\ta%yn+%+ ct“%ynﬂ + aE_%yn+§+ txséynﬂ - hBE% [f(xn +Eh)} =0
Lilyv(x ) hl: oy ¥, o + 0 3¥, 3 + 0y, + g1V, 1T Oy sVnsy T 0V, 2 T 0oy — hB,, [f(x, +h)] =0
2 2

3
La[y(x,).h]: e 2y, o + o, 23y, g + a2y, + o 2y 1+ @3y, ta 3y 3+ e 2y,,, —hpss [f(xn +—h)} =0
2 ] 2 "2 ] ] 2 "2 2 ‘2 'z 2
Ly [y(e,) hl: gy, s + 0 5¥,y ooy, + ‘13,25’“% T 0y oVner T as,zyﬂg + 0 2Vne2 — hByo[f(x, +2h)] =0
Expanding(x, — 2h).(x, —h), y(x,)¥ (%, + S )y(x, + ) y(x, + 2h) y(x, + 2h) f(x, + 2h),(x, +
Co 1 3 1
Expanding(x, — 2h),(xy — h), Y(%,).y( + 50).y (& + 1)y (y +20).y(xy + 20).F (x, +2h) £ (x, +

32h,fxn+h,fxn+2hin (4) with a Taylor’s series expansion about xnand collect the like terms and rearrange, we
have

Coay(xn) + C1,1hY’(Xn) + C2,1h2y”(Xn) + C3,1h3ym (xp) + C4,1h4ym X)) +-=0

CO%Y(Xn) + Cl%hy'(xn) + Cz‘%hzy”(xn) + CS%h3y”(xn) + C4%h4y"(xn) +:=0
Cozy ) + Cyghy (5) + G,y () + gy () + €, bty () 4 - =0 [0

Co2Y(Xn) + Cy2hy (x,) + C2h%y " (x,) + C3 .03y " (x,) + (:4,2}14}’,V x,) +:-=0
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where (8) is evaluated as in (9),(10),(11) & (12),for case 1,2,3 & 4 respectively as follows

C1—a01+all+a 1+a1+a51+a 1——1
3
Cé——Zraol—ra11+(x41+2(x51+2a61—B
C1= 2r0(1+ r(x1+ 0(1+ 0(1+2(x1—
2 ’2
C,i=—2p3

N ®

1
2
1 1
ZBs1 =
20y
1 3 4 1 1
o 1—-r’a, 1+ - a1+ 0( +-0a.1—-B31
35 30 05 6 1y 6 4z 48 2 3 65 8855 48 1(9)
2 2 1
C,1= r(x1+—r40(1+ 0(1+ Lo+ i1 —Lps
> 37 707 240 1z 24 384 55 3 65 4815
4 1 1 243 4 1 1
C51=——rsaol——r5a11+—a41+—0(51+—0(61——B§1 —
5 15 5 5 120 45 ' 3840 55 ' 15 65 384 ' 55
4 1 1 729 4 1 1
Ci=—-ra1+—rla1+—a,1+—oa 14+—a 1 ——B31=—
65 45 035 720 15 © 720 45 46080 5.3 45 765 3840 BE'E

NI
|

Cop = o1ty tay;+ oy +051+ag; =—1
—32,1 =-1

1 3
C1 1= —21‘0(0‘1 - rO(Ll + Ea4,1 + 50(5 1 + 20(6 1
Cpy =

1
1 232,1=—5
4 1 1 27 4 1
C3p=—rapy —-rlays + -ty + 5052 + 5061 — 2B21 = —<
31 3T Qo1 — g0y T 20 T 205 6,1 P21 P *(10)
_ 2.4 1 4 1 81 _ 1
Csp= sragq +,r O(11‘|‘3840‘4.1"‘3840(51"‘ 6,1~ 321
_ 4 5 1 5 43 2
Cs __Er 0‘0,1‘%r 01,1 +MO‘4'1 +ﬁ0‘51 +_5 61
Co1 =

o —2

s %, 332,1
729

r(x +—r +—

25T Q01 T T 0

1 9
2riagy +5rag; 50 +oas; + 2a6;

4 4 1

LR - _ 1
76080 %41 T 5080 %51 T 35 %61 15B

Cog— (x0§+(x1§+0(2§+ a3+oa.ztoaz=—1

47 " U552 Ve
;

1'3——21‘0(03 roa 3+20(4‘3+0( 3+20( 3—[3

2 2 2

C1=

1
2ra1+ r(x1+ o,1+= a1+2a1—
8 43 53
4 1 1 4
C.1=—-ra 1——r30( 1+ —a 1 g x
5 37 05 6 1,2+8 e 52713
Ci1= 2rfq 1+ 2 r40( + o +10(1+
2 3 05 24 3844 24
5 5

’2

18 (11)
8 Ef 384

4 1 1 1 4 81

Cci=——r’a1——r’a1+—oa,1+—a.1+—a 53 = ———

53 15 0— 120 1.5+3840 4,§+120 5,5+15 6, " 384 Bﬁ

4 1 1 4 243

C1=—ra 1 —r o —a.1+—a 1 ———

6,5 45 0. + 720 1 +46080 4—+720 5,5+45 65

&

Cop= g1t +a,1+ ag; +as; +ag; =—1
1 3
Ci2 = =2ragy —ray +5a, + a5, +5 061 — P32 = —2
2 1 1 9
C2'2= 2r aoyl +ET a1’1+—a41+—a’51+ 0!61
4
32 = —-r’a

23, = —2
3 01—g7’3al,1+480f41+ 0-’52 +i;a6, - 233,2=—§ (12)
Cy2 = %T o1 5, 7”“11"'3840(41"' “51+384 61— .33,2=—§
Csp = _%7’5“0,1 _ﬁ ap+— 3840 gy +—= 120 asq +%a6,1 _3[)’3,2 = _%
46080 41+720 5.1 %%1 145[)’3 =_%
Normalizing the coefficients a3% . Qg
as’%&aazof Y,

Ly Yat1 o ¥V, ,3&Yn s respectively
2
to 1. Solving equation (9), (10), (11) & (12) with

Copr = = +—r +—
62= 357 7207 %11

the aids of Maple Software for the values of a;

and f;; and Substituting the values in (4-7) give's
the first, second, third & fourth point as
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9(2r+1) 9(1672+8r+1) 3(64r4+9r345r2412r+1)

yn+% = To@ri3)(rt Dr240r2—6r—7) /12 + 472407 11147315512 337 14)(2r +3) "1 16r2(40r2—6r—7)  n +
9(32r2432r2410r+1) 3(64r*4+96r3+52r2+12r+1) 64rt 4961345272 +12r+1 3(8ri+6r+1)

4D (A0r2—6r—7) YL T (824187 +9)(40r2—6r—7) I n+s | 16(40r++114r3+55r2—33r—14) "2 40r2—6r—7 fn+%

(10)
Yne1 =
1 1 2r24+3r+1 16(2r2+3r+1) 16(2r2+3r+1)

seroar @ Y2 T eTaaer n 1 T T anz T T oy Ynid V3 zrteree Yned T
5073 +193r2+2087+62 2r+1

723 +5r2+8r+4)  Int2 mhf"“ (11)
yn+§ =

9(4r2+12r+9) 9(1672+247+9)
16(r+1)(r+1)(8073+2927r2+2887+81)(4r+1)r? Yn—2 = 4r2(r+1)(r+2)(80r3+292r242887+81) Yn-1 ¥
64r*4+288r3+46812+3247+81 3(64r*+2881r3+46812+324r+81) 9(64r*+28873+46812+324r+81)
1672(40r2+1267+81) m T (8r2+167+1)(40r2+1267+81) n+% 4(8074+372r3+580r2+369r+81) 7 1 +

3(64r*428873+4681r2+3247+81) 3(8r2+18r+9)

16(r2+3r+2)(40r2+126r+81) “"T2 T 40r2+126r+51 hfn+%(12)

9(r2+4r+4) 72(r+1) 3(r*+6r3+13r2+127+4)

Yn+2 = 00,3 42117245001 +186)@r 2+6r+1) ) 2 + 2(50r34243124376r+186)(2r+1) Y"1 T T 12(z5r2484r162) " +
128(r*+6r3+13r2+12r+4) 72(r3+5r2+8r+4) 384 (r*+6r3+13r2+12r+4)

1 — 3+
(8r2+6r+1)(25r2484r+62) " nt3  (2r+1)(25r2+847r+62) n+l T 900r4+112273+2233r2+18727r+62 yn+5
6(r2+3r+2)

——h 13
25124847 +62 fr+2 (13)

Hence, (10) - (13) is called a new hybrid block method of order 6(HVSSBBDF).
From the proposed scheme, different stable methods can be obtained by carefully varying the value of the step
size ratio.

Table 2.1: Variable Step Size Ratios with the StableMethods obtained

Step size | Formulae (HVSSBBDF)
ratio (r)
1 5 25 25 5 25 5
Ynsl = ToagYn-2 T3 ¥n-1 T 10 ¥ g Vnat = 5Y,,3 F oge e —§hfn+%
r=1 1 1 1 32 32 19 1
Yn+1 = Tgog¥n-z T g5 ¥n-1 T3 ¥ g5 Vsl T35V T g Ynse + 15
17 49 1225 245 3675 1225
Yn+l T 790472 1%276)1”_1 39527~ 2477n+3 T 1976741 T 7904 /n+2
——h
toa7 Ml
3 , 16 12 512 48 1536
yn+2 - 665yn—2 14285yn—1 19yn 285yn+% 19yn+1 665 yn+%
+ Ehfn+2
B , 81 2025 405 2025
Yn+; T 733088772 T 2105671 T 30087 T 1887 T 361971+
r=2 , 225 45
300872 " 27 Mnsd
1 1 5 .16 80 275
Yn+1 = 9504yn—25 448yn—1 32yn 27yn+% 77yn+% 576yn+2
+ Ehfn+1
49 363 , 5929 5920 17787
Yn+l T 27328072 T 1577607 T 315527 ~ 7395 n+1 T 9gp0 I+l
5929 L,
3155272 T 793 Vsl
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2 L0 18— 1024 576 9216
Yntz = 90753’”‘212 1925771 7 557 T g5 Yuey T 275 nt1 T 35 Ve
+£hfn+2
8125 , 13125 74529 1911 74529
__ | Pne T Tazsea” 2 T 6771271 T 204407 T 460 41 T 8199574
5
* 10207+ ~ 115 Ml
3125 , 3125 9 16 62
Intl = T 79952 Y02 T 7128701 T 12870 T 21 Vs T 713 V04l
7865 13
1168 7"+ +ﬁhfn+1
330625 600625 , 508369 508369
Yn+3 = 72473856772 12078976 "L T 1327360°" 471835+
, 508369 508369 2139
2696207+ ~ 32843207+ V5185 Ml
4375 , 16875 3969 16128 21168
Int2 = 739010472 T 144716771 T 28407 T 7865 Yn+s 7865 Jntl
, 1016064 126
231365 Yt + g5 M2

Il.  ANALYSIS OF THE PROPOSED METHOD
In this part, order and stability properties of the proposedmethod (10-13) will be analysed.

3.1 Order of the Method
The order of the method (10-13) and its associated linear operator is given by

Lly(); bl = ZiLo[Gy(x +j0)] = hZ[Lo[Dy'(x +jR)]  (14)
whereG; , D; are constant coefficient matrices and p is unique integer s.t.
E;=0, s=0,1,..p and E,, # 0,where the E; are constant Matrices

forr =1, we have

11
Ey = G =0
=0

]
E, = Z[]c —2p] =0

E; = Z _3'] 3¢ 2'] =0
J=0
11
E4=Z_E]4] 3'j =0
J=0
11 1
Es =Z %G 25| =0
J=0
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11
E =28[lﬁC~—leW)]=O
6 6! 7 "5t T
J=0

-19280011/9072] [0

s -2l - 12256367/3150 | _ |0 s
D1 7| 34114151872 0
0

-1204057/8%

Similarly, other methods would be generated using same procedure.

Table 3.1: All the Selected Step Size Ratio r

Step  Size | Order | Error Constants
Ratio (r)
r=1 6 [-19280011/9072 12256367/3150 3411415/1872 — 1204057/855]"
r=2 6 [1050.7385 4.132.8158 1683.0258 3059.7655]"
= 4 6 [3526.0365 333.8686 -11455673.6279 -1600.8544]"
5

3.2 Zero Stability Analysis of the ProposedMethod

In this section, we investigate the zero and A- Stability property of the proposed method.

3.2.1 Definition:According to [17], a linear multistep method is said to be zero stable if no root of the first
characteristics polynomial has modulus greater than one and that any root with modulus one is simple.

3.2.2 Definition:According to [17],a linear multistep method is said to be an A-stable method if its stability
region covers the entire negative half-plane.

The characteristic polynomial for » = 1 can be obtain with relation

det(At? —Bt—C) =

5432344 g 199656 5, 1544 56 5 2305267 5, 4586687 5o (16)
633555 23465 23465 633555 1783340 1783340
162555503 7, 8991 .3, 6991 7.0 630 g4 1869 ;7
26750100 © " T o386 L T 2068 L T 4603 T T ae03 L
21533 ¢ 297 6.2 1727 5 27 3 1 5.2
_ 21933 6, 29T epp 1727 s, On Sh
1971060 © " " 93860 20565900 " T 9386 1 " T 93860
Forr=2
2 p. o~ _ 586800 g 2283084 ; 2489 ¢ 1 5 11091911 g 38424 g, 2
zdgegt;g::{)t Bt 635(‘;])55 254881 8%2;2—405 3823291455 19116075 7646430 h1{9+ 115855 t (hl{)
7 3 2 4 3 6
2548810 hl{ + 40780961t (hl{) 12742015 27405 ¢ (hl{) 92684 2682 b (hl{) 370736 t (hl{) 1529286 hl{ +
6 2 5 6
1274405 ( ) 12744050 hl{ + 2039048 t (hl{) (17)
Forr = g
det(At? —Bt—C) =
_IITSIS0 19453125 5 643797 5 8704958 .o . 2013938667
1163046313 20040182624 673875 101008985 20201797000
898543191 g3 , 87449193 75 990171 g 4 1230739029 7 3
* 2885971000 L " T 250131750 L T eam3ss00 L T 23087768000 L
428015825 9523925 5 o 4453125 5. 6825 4
27913111512 357860404 2505022828 8030528
703125 5
738808576
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(18)
Put h& = H = 0 in (16),(17),(18)
We have
5432344 g 199656 7 . 1544 & 56 s

R (t,0) = - _ 19
160 = -"3555 © T 23a65 | T :3a65 | 633555 L (P

586800 5 2283084 7 2489 1 s
R,(t,0) = _ _ 2
2(60) = ssr © ~ 274305 ' 3823215 0 T 19116075 ° (20)
Ri(e,0) = LITSIS0_ 6 1945315 s 71S33 5 2013938667 ; 1)
: 1163046313 20040182624 74875 20201797000

Solving the Polynomials (19), (20) & (21) for t. The following table is obtained for the roots of the polynomials.
Table 3.2: Zero Stability of the Proposed Formulae

Step size ratio (1) Roots of the proposed methods
r= t=0,0,0,0,0; —0.0053951501; 0.1777068048; 1
r= t=0,0,0,0,0; —0.0004309211,; 0.7785104297; 1
4

r= 5 t=0,00,0,0; 0.0994658027; 0.1149432390; 1
3.3 A - Stability Region of the Proposed The set of point defined by t = e, 0 < 9 < 2rm
Method describes the boundary of the stability region. The

In this section, the region for the absolute following stability region was the complex plot of
stability of the proposed methods is plotted, by the proposed methods with the aid of Maple
considering the stability polynomials (16, 17 & 18). Software.
Im

stable

Re

stable

Figure 2: Combine plot for A-stability regions of the proposed methods (r =1,2 & r = g)

3.4 Test Problems To validate the performance of the
proposed method(HVSSBBDF), below are some
selected stiff IVP of ODEs to consider.
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Table 3.3: Sample of First Order Initial Value Problem of Stiff ODEs

S/n Problems Initial Interval Exact Solutions Eigen Values
Conditions
1 y =—1000(y — 1) y(0)=2 | 0<x<10 y(x) = e71000x 4 1 —1000
2 oy y(0)=1 |0< 1
—_— e — x =
y'=-3 YO = s

3 y1 = 9y, +24y, + ©) = 4 10<x<20 | y;(x) =273 —e 3

Scosx — isinx il = % + %cosx -3,-39

Y2 = =24y, =81y, — | y,(0) == y,(x) = —e 3% + 2273%

9cosx — isinx 3 - %cosx
4 y' =5 (y — x)? y(0)=0 |0<x<1 y(x) =x—e™>*

+1

5 y1 = —20y; —19y, y1(0)=2 [ 0<x<20 yi(x) = e + e

Y, = =19y, —20y, ¥2(0) =0 yi(x) =e 3% —e™
6 y1 = 198y; +199y, y1(0) =1 | 0<x<10 yi(x) = e —1,-200

y2 = —398y; —399y, y2(0) y2(x) = —e™™

=-1

V. RESULTS AND DISCUSSION
Some chosen problems are solved using
the proposed method. The approximate result of the
tested problems are put in tables, comparison are
made with the existing method to depict the
performance of the new scheme. The plotted graphs
also highlightedsuperiority of the proposed
methods over others considered in this
research.The acronyms below are used in the
tables.
h= step-size;
MHTD =Method

MAX-ERR = Maximum Error;

EXE-TIME= Execution Time in second;

BBDFO (6) = New Block Backward
Differentiation Formula with off-step points of
order 6

Odel5s = Variable order Backward Differentiation
Formula

3NBBDF = Extended 3 Point Super Class of Block
Backward Differentiation Formula

HVSSBBDF = A New Hybrid Variable Step Size
Block Backward Differentiation Formula for
integrating stiff VP of ODEs.

Table 4.1: Comparison of Accuracy for Problem 1 & 2

Numerical Result for Problem 1 Numerical Result for Problem 2

H MTHD MAX-ERR H MTHD MAX-ERR
10~% | BBDFO(6) 2.11157(=2) 1073 BBDFO(6) 5.68483(-7)
Odel5s 2.08844(-3) Odel5s 9.37878(—4)
HVSSBBDF 2.31925(—4) HVSSBBDF | 3.33469(—4)
10~* | BBDFO(6) 5.54678(-3) 1074 BBDFO(6) 5.71640(-9)
Odel5s 2.60950(—4) Odel5s 1.14126(—4)
HVSSBBDF 3.61581(—6) HVSSBBDF | 3.34271(-6)

10~> | BBDFO(6) 7.38966(—5) 10~° BBDFO(6) 5.71960(—11)
Odel5s 3.76862(-5) Odel5s 1.75037(-5)
HVSSBBDF 4.57182(-8) HVSSBBDF | 3.36110(-8)

10~¢ | BBDFO(6) 7.60256(—7) 107¢ BBDFO(6) 9.52614(—11)
Odel5s 6.32160(—6) Odel5s 2.61573(—6)

HVSSBBDF 4.32198(—10) HVSSBBDF | 3.36256(—10)
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Table 4.2: Comparison of Accuracy for Problem 3 & 4

Numerical Result for Problem 3 Numerical Result for Problem 4
H MTHD MAX-ERR H MTHD MAX-ERR
1073 | BBDFO(6) 2.04408(-3) 1073 3NBBDF 4.90191(-5)
Odel5s 8.69860(—4) RDIBM 3.73116(-5)
HVSSBBDF 1.74514(-3) HVSSBBDF 3.25138(-5)
10~* | BBDFO(6) 2.28504(-5) 1074 3NBBDF 5.20417(-7)
Odel5s 1.21447(-4) RDIBM 3.73371(-7)
HVSSBBDF 2.13585(-5) HVSSBBDF 3.25942(-7)
10~° | BBDFO(6) 2.31054(=7) 107° 3NBBDF 5.25030(-9)
Odel5s 1.36101(-5) RDIBM 3.73652(-9)
HVSSBBDF 2.23564(-7) HVSSBBDF 3.26109(-9)
10~° | BBDFO(6) 2.31311(-9) 10° 3NBBDF 5.25648(—11)
Odel5s 2.85643(—6) RDIBM 4.05313(—11)
HVSSBBDF 2.31957(-9) HVSSBBDF 3.26583(—11)

Table 4.3: Comparison of Accuracy for Problem 5 & 6

Numerical Result for Problem 5 Numerical Result for Problem 6
H MTHD MAX-ERR H MTHD MAX-ERR
10~%2 | 3NBBDF 6.98707(-2) 1072 3NBBDF 1.94447(—4)
RDIBM 4.45713(-3) RDIBM 1.52564(—4)
HVSSBBDF 8.43849(-5) HVSSBBDF 7.13551(=5)
10~3 | 3NBBDF 5.40956(-3) 1073 3NBBDF 2.07993(-6)
RDIBM 3.74938(-5) RDIBM 1.76763(—6)
HVSSBBDF 8.45371(-7) HVSSBBDF 7.32821(=7)
10~* | 3NBBDF 3.08942(-5) 1074 3NBBDF 2.09995(-8)
RDIBM 3.52727(-7) RDIBM 1.79766(—8)
HVSSBBDF 8.47282(-9) HVSSBBDF 7.59457(-9)
10~> | 3NBBDF 3.18534(=7) 10~° 3NBBDF 2.10257(-10)
RDIBM 3.31505(-9) RDIBM 1.82566(—10)
HVSSBBDF 8.50316(—11) HVSSBBDF 7.60185(—11)
10~% | 3NBBDF 3.19872(-9) 1076 3NBBDF 1.41029(—11)
RDIBM 3.11313(—11) RDIBM 1.85567(—-12)
HVSSBBDF 8.52149(—13) HVSSBBDF 7.89244(—13)

Base on the approximated solutions of the

RDIBM. While,

BBDFO(6) has

competing

proposed method and other compared schemes
presented in table 4.1, 4.2, 43 & 4.4 which
comprises examples 1, 2, 3 and 4, it was observed
that the newly proposed method(HVSSBBDF)
outperformed the BBDFO(6) and Odel5s in terms
of accuracy in problems 1, 2 and 3. Also, the new
scheme has comparative advantage of good
accuracy in examples 4, 5 and 6 over 3NBBDF and

advantage over the Matlab solver Odel5s as step
size keeps decreasing in example 1. Similarly,
BBDFO(6) has clear advantages of good accuracy
than Matlab solver Odel5s in example 2 and
3.Likewise, RDIBM is competing with 3SNBBDF in
terms of accuracy than in example 4 and 6. But, in
example 5 RDIBM has favourable accuracy
compared to 3NBBDF. Hence, the proposed new
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scheme (RDIBM ) can be an alternative stiff ODEs
solver.

V. CONCLUSION

A new hybrid variable step size of block
backward differentiation formula for integrating
stiff initial value problem of ordinary differential
equation was presented. The stability criteria of the
proposed method has been investigated, the
proposed method is found to be Zero and A Stable,
capable of providing two approximate solution
values and two off-step points at a time per
integrating step. Solutions of some selected stiff
IVPS of ordinary differential equations are
presented in tabular form and it depicted clearly,
that the new scheme has comparative advantages in
almost all the problems considered in this research,
in terms of accuracy of error. Therefore, thenew
method can be a very good solver of first order
system of stiff VP of ordinary differential
equations.
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