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Abstract Glioma is a highly aggressive brain tumour
whose progression is influenced by complex
interactions among healthy cells, tumour cells, and
immune cells. In this study, a stochastic healthy cell—
glioma—immune interaction model is formulated
using a system of nonlinear stochastic differential
equations. The model incorporates logistic growth,
tumour-induced damage to healthy cells, immune-
mediated tumour suppression, and environmental
fluctuations represented by multiplicative stochastic
perturbations. Analytical solutions of the proposed
stochastic system are derived to describe the temporal
evolution of the interacting cell populations. The
existence, uniqueness, and positivity of the solutions
are established to ensure the biological validity of the
model. Furthermore, the analytical results provide
insights into the influence of stochastic effects on
glioma progression and immune response. The
proposed framework offers a mathematical basis for
understanding tumour—immune dynamics under
uncertainty and demonstrates the applicability of
analytical methods to stochastic cancer modelling
and immunotherapy research. 2020 AMS
Classification: : 92C50, 60H10, 34F05, 92C37.
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Immune  Response;  Stochastic ~ Differential
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I. Introduction

Glioma is one of the most aggressive
primary brain tumours and remains a major challenge
because of its rapid progression, invasive nature, and
poor prognosis. Its progression is governed by
complex interactions among healthy brain cells,
glioma cells, and immune cells within the tumour
microenvironment. Although the immune system can
recognize tumour cells, its antitumour activity is
often suppressed by the tumour microenvironment,

thereby promoting tumour growth and reducing
treatment effectiveness [5, 8, 13].

Mathematical modelling has become an
important tool for understanding tumour progression
and immune responses. Deterministic models have
successfully described tumour—immune interactions
and provided valuable insights into disease dynamics
and treatment outcomes. However, they cannot
capture the random biological and environmental
fluctuations that naturally occur in living systems.
Stochastic differential equation models overcome
this  limitation by  incorporating  random
perturbations, leading to a more realistic description
of tumour dynamics [12, 16, 19].

Immunotherapy has emerged as a promising
treatment strategy by enhancing the immune system’s
ability to eliminate tumour cells while minimizing
damage to healthy tissue. Nevertheless, its
effectiveness depends on the interactions among
healthy cells, glioma cells, and immune cells,
together with the influence of biological variability.
Consequently, stochastic modelling provides a useful
framework for analysing treatment efficacy under
random environmental and biological fluctuations [6,
7, 11].

Motivated by these observations, this work
develops a stochastic mathematical model describing
the interactions among healthy cells, glioma cells,
and immune cells under immunotherapy. The
proposed model extends the deterministic
formulation of Kaviyan et al. by incorporating
multiplicative stochastic perturbations to represent
biological and environmental uncertainties. This
stochastic framework enables the investigation of
important qualitative properties such as existence,
uniqueness, positivity, and long-term behaviour of
the system [11, 16, 19].

The primary objective of this study is to
derive analytical solutions for the proposed stochastic
model and to investigate the influence of random
perturbations on the dynamics of healthy cells,
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glioma cells, and immune cells during
immunotherapy. The obtained results provide
theoretical insight into tumour progression, immune
response, and treatment efficacy, thereby
contributing to the development of reliable stochastic
models for glioma dynamics. The remainder of this
paper is organized as follows. Section 2 presents the
stochastic model, Section 3 establishes its qualitative
properties, Section 4 derives the analytical solutions,
and Section 5 concludes the paper.

II. Mathematical Modelling
This section introduces a stochastic healthy
cell-glioma—immune interaction model derived from

X(t)

dxX = _d-lX(t)<1 - \—1) — 5, XY (1)

Y ()

4

dy = |5,Y (t) (1 -
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the deterministic framework proposed by Vargees et
al [11]. The model incorporates random perturbations
and consists of three coupled stochastic differential
equations describing the dynamics of healthy cells,
glioma cells, and immune cells. — along with their
complex nonlinear biological interactions. To capture
the effects of environmental variability and intrinsic
biological randomness, multiplicative stochastic
perturbations are incorporated into each state
equation through independent Wiener processes.The
resulting stochastic healthy cell-glioma—immune
interaction model is described by the stochastic
differential equations given in Egs. (1)—(3).

dt + oy X () dWy (1), (1)
@Y (t)Z(t)
YOk |4 O, (2)
+ Ay By (t) | dt + 0s Z () dWs(2). (3)

The proposed stochastic model consists of three interacting state variables representing the
population densities of healthy glial cells X(¢), glioma (tumour) cells Y (¢), and CD8% T cells
Z(t). The first terms in Egs. (1)—(3) represent the intrinsic growth dynamics of glial cells,

tumour cells, and immune cells, respectively. The interaction terms appearing in Egs. (1) and (2)

represent the competitive effects between healthy and malignant cell populations. The immune-
mediated reduction of tumour cells is modelled through nonlinear interaction terms involving

CD8&* T cells.

In Eq. (3), the nonlinear terms account for the activation and suppression mechanisms of

CD8™ T cells induced by tumour presence, together with their natural decay. The term A, B (t)
represents the effect of immunotherapy as an external immune stimulus.

The stochastic terms o;U; dW;(t), 1 = 1,2,3, model random environmental and biologi-
cal fluctuations affecting each population. Specifically, o1 X (t) dW(t) represents variability in
glial cell growth, o2Y (t) dW5(t) captures randomness in tumour dynamics, and o3Z(t) dW3(t)
reflects stochastic variations in immune cell activity. The inclusion of multiplicative noise en-

sures population-dependent variability while preserving positivity and biological feasibility of
the solutions. The normalized model of the above system is given by

Table 1: Parameter Definitions and Corresponding Descriptions

Parameter Value Description
41 0.0068 day ! Proliferation rate of healthy glial cells [11, 11]
&2 0.012 day ! Proliferation rate of glioma cells [11, 11]
o1 3.6 x 10~ day ! | Competition coefficient [1 1, 1]
b2 3.6 x 10°° day ' | Competition coefficient [11, 1]
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where

-(511'(1 — ) — qﬁ];try] dt + oz dWi(t),

ayyz
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The processes W;(t), i = 1,2, 3, are independent standard Wiener processes, and the parameters
o; > 0,1 =1,2,3, denote the intensities of the stochastic fluctuations affecting the corresponding

state variables.

Table 2: Normalized Model Parameters and Their Descriptions

Parameter Value Description

91 0.069943 | Intrinsic growth rate of healthy cells [11]

o 2.74492 | Intrinsic growth rate of glioma cells [11, 1]

@y 1.8 x 102 | Competition coefficient representing the in-
hibitory effect of glioma cells on healthy cells
[11]

ey 1.8 x 1073 | Competition coefficient representing the in-
hibitory effect of healthy cells on glioma cells
1]

o 0.069943 | Immune-mediated elimination rate of glioma
cells [12, ]

kq 0.90305 | Half-saturation parameter associated with im-
mune action on glioma cells [11]

Je] 0.1245 Recruitment rate of immune cells stimulated by
glioma cells [12, (]

ko 0.030584 | Half-saturation parameter associated with
immune-cell recruitment [11]

I 0.0074 Natural death rate of immune cells [12]

g 0.01694 Glioma-induced deactivation rate of immune
cells [12, ]

ks 2.8743 Half-saturation parameter associated with
immune-cell deactivation [11]
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2.1 Positivity and Boundedness of Stochastic Solutions
Theorem 2.1. For any initial value
(Xo,Yo, Zo) € R2,
there exists a unique global solution
(X (1), Y(2),Z(t))
of system (1)-(3) on t > 0. Moreover, the solution remains positive almost surely, that is,
(X (1), Y(t),Z(t) € RY,
for all t = 0.

Proof. Let
u(t) = (X(),Y (t),Z(t)" .

The drift and diffusion coefficients of system (1)-(3) are continuously differentiable on R .
Hence, they satisfy the local Lipschitz condition. By the standard existence and uniqueness
theorem for stochastic differential equations, there exists a unique local solution

u(t) = (X(6),Y (1), Z(1)).

on the interval [0, 7.), where 7. denotes the explosion time.

To prove positivity, apply 1t6’s formula to In X (¢). Then

ﬂmxmy_h(1—£@)—&ng—§}ﬁ+m&ﬂm.

1N

Integrating from 0 to ¢ gives

X@—Xw@{ﬂﬁm@_ﬁ@)_&ns_gyk

+£mﬂﬂ@}

Since Xy > 0 and the exponential function is strictly positive, it follows that

X(t) >0,

for all ¢ = 0.
Similarly, applying [to’s formula to In Y (¢) and In Z(¢) vields

Y(t) =0, Z(t) =0,
for all t = 0.

Therefore,
(X(1),Y (1), Z(1)) € RS,

for all t = 0.

Since the solution remains positive and no explosion occurs in finite time, we conclude that
Te = 00.

Hence, system (1)-(3) admits a unique global positive solution.
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Theorem 2.2. Let (X(t),Y(t),Z(t)) be the unique global positive solution of the stochastic
system (1)—(3) with positive initial conditions. Then the solution is bounded in expectation. In
particular, for every finite time interval [0,T], there erists a positive constant M such that

swp EIX(5)+Y(1) +7(1) < M.

Proof. Consider the Lyapunov function

VIX,V.Z)=X+Y + 7.
Applying [to’s formula gives

AV = LV dt + o1 X AW, (#) + o2V dWa(t) + 032 dWs(t),

where £ denotes the infinitesimal generator of the stochastic system.

Using system (1)-(3), we obtain

LV =& X (1—%) —(_51XY+(52Y (l— ?\i,) _Q_SQXY

iV Lv2
@Yz _BYZ . aVZ
Y+h Y4k M7 YV 4k

Since
5 X? 8,Y 2
— <0, — <0,
Ny — Ny —
and all interaction terms
—(IngY-. —QBQXY: _ mYZ _ azY Z

Y+k' Y+ks

are non-positive, while

BY Z
- < BZ,
Y+ke =7 7
it follows that
LV <HX +6Y +(8—p)Z + A 1By (t).

Assume that the treatment function Bi(t) is bounded on [0, T]. Then there exists a constant
C' = 0 such that

A1 Bi(t) < C.
Hence,
LV<C+KX+Y+Z)=C+KV,
where

K =max{d, 02,5 — p}.

Taking expectations and using the fact that the Ito stochastic integrals have zero expecta-
tion, we obtain

%E[V(t)] <O+ KE[V(1)).

Applying Gronwall’s inequality yields

E[V ()] < (V(O) 1 %) Xt — % 0<t<T.
Therefore,
sup E[V ()] < oo

0<t<T
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Since

V() =X(#)+Y(t)+Z(t),
it follows that
sup EX(t) +Y(t) + Z(t)] < M,

for some positive constant M > 0. Hence, the solution is bounded in expectation on every
finite time interval.

3 Analytical Solution

Theorem 3.1. Let U(t) € R? denote the solution process of the linear stochastic differential
equation

dY (t) = AY (t)dt + BAW(t), Y(0) = Yp,

where A, B € R**3 are constant matrices and W(t) is a standard Wiener process. By the
variation-of-constants formula, the unique solution is

t
Y@)zemﬁﬁ:/emhﬂBﬂV@}
0

To obtain an analytical representation of the solution, the nonlinear stochastic system is
linearized around an equilibrium point. The derivation proceeds through the following steps:

e Identification of the system’s equilibrium solutions.

e Linearization of the system through the Jacobian matrix evaluated at each equilibrium
solution.

4  Identification of the system’s equilibrium solutions

The normalised stochastic system admits equilibrium points obtained by setting the drift terms
equal to zero, that is,

i=g=2z=0.

4  Identification of the system’s equilibrium solutions

The normalised stochastic system admits equilibrium points obtained by setting the drift terms
equal to zero, that is,

F=g=2=0.

Thus, the algebraic system becomes

Grx(l — ) — oy =0,

) ayz
Soy(1 = y) — oy — =0,
2y(1 — y) — gazy Py , (6)
Pyz . owE g o

y+r'€27'u y+ks

By solving system (7), the interior equilibrium pointE(z, 7, %) is obtained as

T =1-3u

= (ytky)[day(1—y)—dazy]

= , ")
7 — —BEVEP{IAC

Yy - 24 1
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where

A=¢1 —p— oo,
B = ¢1k3 — p(ks + k3) — ¢ako,
C = pkoks. (8)
4.1 Linearization of the system through the Jacobian matrix evaluated at
each equilibrium solution

The nonlinear stochastic system can be expressed in the following form:

dr =[61z(1 — x) — dxy|dt + oz dWi(t) = fi(z,y,z2)

dy = [m(l —y) — fzy — 2 } dt + ooy dWa(t) = folz,9, 2),
y+ ki

Byz Yz

dz = -
- [y-l-kz r ¥k

Using the first-order Taylor series expansion at the equilibriumn point E(Z, 7, z), the nonlinear
system (9) is approximated by the following linearized system:

+ AIB]] dt + a3z dﬁf’g(t) = ‘}('3(;15j i, z).

dr; = fi(z,y,z)dt

6_}2 afz af?.

~ i@ 8,2) db+ 5o = D) db+ Sy — 9) e+ (= — 2) e+ o W),

where
T, =, Io =1, T3 =2z, i=1,2,3.

At the steady-state point,
fi(z,5.2) =0, i=1,2,3.

Therefore, the linearized stochastic system can be expressed as
dz = [Juy(x = 2) + Jialy — §)] dt + o1 Wi (0),
dy = [ng(;c — 2+ Taa(y — §) + Joa(z — 2)}dt + ooy dWa(t), (10)
dz = [ng(y —§) + Jas(z — 2)] dt + o3z AWs(t).,

The coefficients J;; are given by
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The entries of the Jacoblan matrix associated with the deterministic component of the

system are given by J;;, i=1, 2, 3. where

Thus,
Ji2 = —gnx, Jiz =0,

Ji = 61(1 —2x) — dyy,

a1zky _ a1y

Joy = —boy.  Jpg = bo(1 — 2y) — por — — L = .
51 b2y, 09 = 2 i) — P2 W+ k)2 23 vtk

_ by - 0
Y+ k2 y+ks

Bk asks )
Jy =0,  Jy= - T
nmn e z((y+k2)2 w+hk)?) ¥

Using a first-order Taylor expansion about the equilibrium point
E(:E-‘ E: Z)‘

the nonlinear stochastic system is approximated by its linearized form. Accordingly, the lin-

earized stochastic model admits the matrix representation

~ Jll J]_z 0 T — i(t) axr 0 0 dPVl (t)
dX(t)= |Ja Joo Joz y—g(t)|+1 0 o2y O dWa(t) | . (12)
0 Jsz Js3 z— Z(t) 0 0 o332 de(t)
The Jacobian matrix evaluated at the equilibrium point is therefore
Jiu Jiz 0
J=|Joy Joz Ja (13)
0 Ja2 Jsg

Hence, By evaluating the Jacobian matrix at the equilibrium point E = (1,0, 0.21) and substi-
tuting the parameter values from Tables 1 and 2, the linearized stochastic differential system is

expressed as

o Ju Jis 0 €T — :f(t) by
¥ | = |Jor Je2 Joa| |y—F(t)| + |b2 (14)
2! 0 Jz» Ji3z z— Z(t) bs
where
by = 0.03, by = 0, bz = 0.03.
The fundamental matrix of the linear system (10) is given by
myeMt mype??t  mygetat
w(t) = elt = more™Mt  mgget  mgselst (14)
mgle)“t mggeht m3ge)‘3t

where

A1 = —0.0068, Az = —0.00426, Az = —0.0074,
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where

A= —0.0068, Ay = —0.00426,  As = —0.0074,
and

myp = 0, mya = 0.194655,

miz = 1: ma| = 0,
mMag = 0, m3y = 1‘

maz = —0.803884, mg3 =0,

Upon utilizing Theorem 3.1, the analytical solutions of the linear system (10) can be derived as

1miaa = 0.403819,

t
o(t) = vire™ + vppe? 4 f (o1) 2079 g (s),
0

t
y(t) = vy + / (oay) 2172 dWy(s), (15)
0
i
2(t) = va1eMt + vgpe™? + vzt + f (32) M) dWy(s).
1]
where

v = 1, 12 = 0.0964068. V21 = 0.2, U3 = 1, U3z = —0.007285.

vgy = —0.442715.
Consequently, the solution is normally distributed, that is,

X(t) ~ N (nle), Var(X (1))
where p(t) = E[X ()] denotes the mean solution.

Figure 1 shows that the healthy glial cell population remains positive and exhibits moderate
stochastic fluctuations due to random biological and environmental perturbations, indicating
the persistence of healthy cells under immunotherapeutic effects. Figure 2 demonstrates that
the glioma cell population decreases rapidly over time and approaches zero, highlighting the
effectiveness of immunotherapy in suppressing tumour growth.Figure 3 illustrates the stochas-
tic dynamics of the CD8%F T-cell population under immunotherapy. Although the population
exhibits random temporal fluctuations due to stochastic perturbations, it remains active in sup-
pressing glioma cells and contributes to the overall immune response. Overall, the analytical

results indicate that immunotherapy promotes tumour suppression while preserving healthy glial
cells and sustaining immune activity in the presence of stochastic effects.
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Figure 1: Analytical representation of glial cell

Figure 2: Analytical representation of glioma
growth with immunotherapeutic effects.

cell growth with immunotherapeutic effects.

an
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s 200
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Figure 3: Analytical representation of CD8T T-cell
growth with immunotherapeutic effects.
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5 Conclusion

In this paper, we developed a stochastic
differential equation model to describe the
interactions among healthy glial cells, glioma cells,
and immunotherapy. The primary objective of
immunotherapy is to control and reduce tumour
growth while preserving healthy tissues. The
proposed model was analysed to ensure that all
population variables remain positive and bounded.
Owing to the nonlinear nature of the system,
obtaining an exact analytical solution is difficult. To
address this challenge, a linearisation technique was
employed to transform the nonlinear system into a
linear stochastic system. An analytical approximation
of the solution was then derived using the variation
of constants formula. The obtained results
demonstrate the potential of the proposed model for
understanding tumour—immune dynamics and
provide a useful mathematical framework for
improving immunotherapy-based treatment
strategies for glioma.
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