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ABSTRACT

This paper proposes a distributed formation control
scheme for a group of Quadrotors under limited
communication constraints. Each Quadrotor only
has access to local information from its neighbors,
and the disconnections between the virtual leader
and some followers may occur. To address this
challenge, a distributed observer is designed to
estimate the virtual leader’s position using the
desired positions of neighboring agents and its self.
Then, a finite-time control law based on the terminal
sliding mode control is developed for both position
and attitude control, enabling each Quadrotor to
accurately track the desired trajectory of the virtual
leader while maintaining the desired formation
shape. Theoretical analyses based on Lyapunov
stability theory are provided to ensure the closed-
loop stability of the system. Simulation results
demonstrate the effectiveness of the proposed
method, where four Quadrotors successfully track a
virtual leader and maintain a square formation
throughout the flight.

KEYWORDS: Multi-Quadrotor, Unmanded
Aerial Vehicle (UAV), Distributed Formation
Control, Terminal Sliding Mode Control

I. INTRODUCTION

In recent years, the formation control problem
for multiple unmanned aerial vehicles (UAVs),
particularly Quadrotors, has attracted significant
attention from both academic and industrial
communities due to a large range of important
applications in  surveillance, environmental
monitoring, search and rescue, and precision
agriculture[1] - [4].

The Quadrotor UAV is an underactuated
system, respective to four independent control input
while has six Degrees of Freedom (DoFs). Besides,
the dynamics of the Quadrotor system is highly
nonlinear and strongly coupled. The studies [5] - [7]
in proposed a leader-follower formation scheme for
multiple Quadrotors. Although the formation

objective and the trajectory tracking to a leader can
be achieved, the full connect between Quadrotor
follower and leader must be ensured. In practical
application, the disconnetion between leader and
followers usually happen, which mean that each
Quadrotor only can only receive limited local
information from other Quadrotors. Therefore, the
formation control problem for a group of Quadrotors
becomes more challenges. To address these
challenges, several formation control strategies
based on consensus theory [8] - [14] have been
proposed, which not require full connectivity among
all agents. Although the studies in [8] - [11] not only
address the distributed formation control problem
for Multi-Quadrotors under limited communication
constraints, but also achieve optimal trajectory
tracking to a virtual leader. These approaches are
offline methods, which offer limited practical value
in real flight tasks, as Quadrotors typically operate
in dynamically changing environments. As a result,
their performance may degrade significantly when
exposed to real-world uncertainties and
disturbances. While the methods [12] - [14] are
capable of achieving formation control in real-time,
they do not consider important performance, such as
ensuring trajectory tracking within a finite-time.
Motivated by the  aforementioned
discussions, this study proposes a distributed control
strategy for a Multi-Quadrotor system, which not
only enables each Quadrotor to track the leader
within a finite time but also maintaine the desired
formation shape. To achieve objective, a distributed
state observer is introduced to estimate the position
of the virtual leader, which address the challenge of
the limited information exchange among Quadrotors
within the team. After that, a finite-time terminal
sliding control law is developed for both position
and attitude control loops, enabling each Quadrotor
to accurately track the desired trajectory in finite-
time. Furthermore, robustness against noises,
disturbances and uncertainties is also provided as a
key advantage of the sliding mode control approach.
The key contributions of this paper are listed as
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follows. Compared to [5] - [7], the proposed method
introduces a distributed to estimate the position of
the virtual leader using only local information from
neighboring agents, effectively addressing the
challenge of limited information exchange among
Quadrotors. Unlike [8] - [11], the proposed finite-
time controller enables each Quadrotor to accurately
track the virtual leader’s desired trajectory in real
time, while guaranteeing the tracking errors
convergence within a finite time and simultaneously
maintaining the desired formation shape. Numerical

II. PROBLEM FORMULATION
2.1.Communication topology

Considering N Quadrotor UAVs labeled from 1
to N. The communication topology among the
Quadrotors is described by a directed graph G =
(V,E,W), where V = {v,,v,,...,vy} represents a
set of nodes, E = {e”} C V X V represents a set of
edges, and W =[w;;} € R™" represents an
adjacency matrix with nonnegative weights. Each
Quadrotor in the swarm represents a node in the
communication topology. If there exists a
connection between the i*"* Quadrotor and the jt*
Quadrotor, ie., (v;,v;)) €E, then w;; >0;
otherwise, w;; = 0. The set of neighbors of the ith
Quadrotor is denoted as N;, which includes all nodes
Jj such that (vi, vj) € E or equivalently w;; > 0. The
Laplacian matrix is defined as L = D — W, where
D= dlag(dl) € RNXN,dl' = ZW” Define B =
diag(b;) € RN*N, where b; is the connection
weight between the i*" Quadrotor and the virtual
Quadrotor leader. If there exists a connection
between the i" Quadrotor and the virtual Quadrotor
leader, 1i.e, b; > 0; otherwise, b; =0. The
messaging matrix is defined as H = L + B. A graph
G is said to have a spanning tree if there exists a
node, called the root, from which there are paths to
all other nodes in the graph.

Assumption 1. It is assumed that the
communication topology includes at least one
spanning tree, ensuring that every Quadrotor is
reachable from the virtual leader through a sequence
of directed connections.

2.2. Quadrotor dynamics

Considering a group of multiple Quadrotor
UAVs: a virtual leader and N followers. Each
Quadrotor system is modeled as a rigid body
equipped with four rotors, as shown in Figure 1.

simulations are conducted to verify the effectiveness
of the proposed method.

The rest of this paper is organized as
follows. Section 2 introduces the communication
topology and presents the dynamic model of the
Quadrotor UAVs. In Section 3, the distributed
formation control scheme is developed, including
the design of a distributed state observer and the
finite-time controllers for both position and attitude
loops.  Simulation results demonstrate the
effectiveness of the proposed method. Finally,
Section 4 concludes the paper.

Figure 1. The Quadrotor system

Define p; = [x;,¥;,2]" as the position
vector of the i*" Quadrotor and 1; = [¢;, 8;, ;17 as
the attitude vector for the Euler angles of the it"
Quadrotor, where ¢;,8; and ; represent the roll,
pitch, and yaw angles, respectively. The vector v; =

T . . .
[vxi,vyi,vzi] is defined as the linear velocity
vector of the " Quadrotor of the ;=

[Wxi,Wyl-, WZL-]T is defined as the angular velocity
vector of the it" Quadrotor. According to [15], [16],
the Quadrotor dynamics, including the position and
attitude subsystem, can be expressed as follows

Pi =7 J
. Ur; i
= e (Q)e, — v,
vy ges + m, c2p(Q)es m, vy 1 (
n; = [;(Q)Q; )

Q= —Q; x (I;Q) + 1
where m; is the mass of the i*"* Quadrotor, J; =
diag(Jxi» JyiJzi) is the diagonal aerodynamic matrix
of the i*" Quadrotor, I; = diag(ly;,, Ly, I,;) is the
inertia matrix of the i*® Quadrotor, g is the gravity
acceleration,e; = [0,0,1]7, ug; is the total thrust,
T,
and 7; = [T¢i, Toir ‘L'd,i] is the control torque. The
rotation matrix Rg,5(Q;) and transformation matrix

[;(Q;) is the transformation matrix can be described
as in [17]. In practical application, the control inputs
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(uri,Tei) Tei Tyi) can be gennerated by adjusting the
speed of four rotors.From (1), the position and
attitude dynamics [16] can be formulated as:

i 1
X:l = _]ixi'i'_uxi
o (
yi= _Liyi+_uyi 2)
}"i Ti
z; = —mili?H‘Euzi—g
. I,,—1, . . 1
¢ = —u9i¢i+_f¢i
Ixi Ixi
) IL,—1,;. . 1 (
0; = —I—(bi’/)i"‘l_‘fai 3)
yi yi
. IL,—1, . . 1
Y = _ud’iei"'_rlpi
Izi Izi

T, .
where up,; = [uxi, Uy, uzi] is the virtual
position control input, which can be expressed as
Uy (4)
= ur;(cos(¢;) cos(¥;) sin(6;)
+ sin(¢;) sin(y;))
uyi
= uy;(cos(¢;) sin(¥;) sin(6;)
— sin(¢;) cos(y;))
U, = Ur; cos(¢;) cos (6;)
2.2. Problem statement
It is assumed that the position dynamics of the
virtual leader is described as:

Po = Vo (5)
"'70 = uo

where py = [xq, Vo, 20]" and vy = [%g, Vo, Z0]" are

the position and velocity vectors, respectively, and
T . . .

Uy = [uxo, uyo,uzo] is the virtual position control

input.

Assumption 2. It is assumed that the virtual position

control input u, is bounded.

||uo||5€0

(6)

Definition 1. Let f; = [fxi,fyi,fzi]T is the desired
position deviation between the virtual leader and the
i*" Quadrotor. The Multi-Quadrotor system with a
virtual leader and N Quadrotor followers is said to
achieve the formation trajectory tracking, if there
exists a small constant &; > 0 such that:

lim||p;() - fi —po(®)l| <& ()

In this paper, the desired position deviation is
considered to be constant. The control objective is to
design a distributed formation control law that

enables formation trajectory tracking with respect to
a virtual leader while simultaneously maintaining
the desired formation pattern among all agents.

1. FORMATION CONTROL DESIGN

3.1. Distributed formation observer design

It should be noted that the issue of disconnection
between the virtual leader and the followers can
happen, and each Quadrotor can only receive
limited local information from other Quadrotors. To
overcome this challenge, this secsion introduces a
distributed formation observer that can generate the
desired position for each Quadrotor of the team
using the information of its neighbors and itself. The
distributed formation observer is designed as
follows:

N
D ﬁi_klizwij(ﬁi_fi_ﬁj‘}'fj) (
=1

. +b;(D; — fi — Po) 8)
v; = _kZiZ Wij(ﬁi - ﬁj) + b;(¥; — vy)
=1

where k;; and k,; as positive constants. The
vectors p; and U; are the desired position and
velocity of the i*" Quadrotor, respectively. It should
be noted that b; =0 when the Quadrotor is
disconnected from the leader. Define the estimation

error {; = [{7;, (,,Ti]T of the distributed observer for
the i*" Quadrotor as
Cpi = [(xi:(yi:(zi]T =pi—fi—Do 9)(
Cvi = Zpi = [in: Zyi: ZZi]T =9, — v
Theorem 1. The estimation error is input-to-
state stable (ISS) if k4; and k,; are large enough.

Proof.

Taking the time derivative of (9) using (5)
and (8), the dyanmics of the estimation error can be
formulated as follows:

N
Cpi = Cui — kliz Wij((pi - ij) + b;{p;
v 10)
$vi = _kZiZ wij((vi - (vj) + b;{yi — U
=

Define the esitmation errors as follows:

T
¢ = (800 Shor e Sn] i
T
& = [G1 G20 Son]
The dynamics of the esitmation error can

be rewritten as:
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d z,,] (12)
dtld,
_ [_kli(H ®I3) I3y [(p]
0 0 —k2i(H ® I3)114,
3N
* —Izy ®uo]
Under the Assumption 1, all the

eigenvalues of H have positive real parts.
Additionally, u, is bounded according to the
Assumption 2. By choosing k;; and k,; are large
enough, the estimation error is input-to-state stable
(ISS).

3.2. Position control design

By employing the distributed formation observer,
the desired position reference of each Quadrotor is
estimated accurately. The formation control problem
of the Multi-Quadrotor UAV system is reduced to a
fundamental problem of trajectory tracking for each
Quadrotor. Define the position tracking error for
each Quadrotor as follows:

r = 13
€pi1 = [exiv €yi, €zi] = Pi— Di (13)
A . . . 1T ~
€piz = €pi1 = [exi' €yi,€zi| =V, —V;

Then, a terminal sliding surface is constructed as
follows:

Bpi .
Spi = €piz + api|epi1| " sign(e,;) (14)

where a,; > 0 and 0 < f8,; < 1. The finite-time
position control input u,; = [upx_i, Upy is upz‘l-]T is
designed as follows:
1
upi =]ivi_m([010'g]T ( 5)
Bpi-1
+apini|epi1| " epin
- kpilspi
- kpizsat(spi)>
where kj;; and k,;, are positive constant, and
sat(.) is described as:
sat(x) = {SLgn(x) if |x| > 1 (16)
X otherwises

Choosing the Lyapunov function as follows:

1 a7n
— T
Vpi - E SpiSpi

Taking the time derivative of (19) using (17), we
have:

Ji (18)

Vpi = s,Tu-S‘pi = S;i (—[0, 0, g]T - Evi
1
+ Eup,-
Bpi-1
+“piﬂpi|epi1| " e
- D
= —kp“s;ispi - (kpizspisat(spi)
-p)=<0
By choosing kp;; > 0 and k,;; = ||ﬁi||, based
on the Lyapunov stability theory, the position
dynamics in (2) with the virtual position control law
in (14) is asymptotically stable. Once the virtual
position control input is determined, the desired

attitude reference 74 = [Pair Oai Wai]l” can be
obtained from (4) as follows:

_ / 2 2 2
Ur; = |Uy; +Uy; + Uy

bai (19)
uy; sin(yg;) — uy;cos (lpdi))

Ur;

= arcsin(

04

(uxi cos(Pg;) + uy;sin (¢di))
= arctan

Uzi

where ¢g4;, 04, and Y, are the desired
references of the roll, pitch and yaw angles,
respectively. In practical application, the desired
yaw reference 14; is usually set to zero.

3.3. Attitude control design

It is noted that there is a strong coupling between
the position and attitude dynamics via the rotation
matrix in [17]. Firstly, the dynamics of attitude
subsystem in (3) is rewritten as:

ily = F(nun) + Iz (20)
Where:
F(ny1:)
_ i1 0.1); i b, i~ L
Ixi Iyi Izi
The attitude tracking error is defined as
T
€ni1 = [e(pi: €oi, e:/;i] =N~ Nai @n

. . . . T . .
€niz = €ni1 = [e(bi: €gi, el[}i] =N —Nai
Then, a terminal sliding surface is constructed as
follows
Bui .

Spi = €niz + “ni|eni1| "sign(ey,) (22)
where a,; >0 and 0<p,; <1. Based on the
terminal sliding surface in (22) and the attitude
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dynamics in (20), a finite-time position control input
is designed as follows

T, =—I; (F(ni'ﬁi) + aniﬁni|eni1|ﬂ"i_leniz (23)
— kyi1Syi — knizsat(sni)
+ ﬁdi)
where kp;; and kp;; are positive constants.
Choosing the Lyapunov function as follows

IV. SIMULATION RESULT

In this section, a formation simulation built in
Matlab software is provided to verify the
effectiveness of the proposed method. In this flight
simulation, four Quadrotors are adopted to follow
the trajectory path oquadrotorstual leader while
maintaining a square formation. The desired
position deviations are set up as f; =
[4.0,0.0,0.0]7, £, = [0.0,4.0,0.0], f; =
[—4.0,0.0,0.0]7, and f, =[0.0,—4.0,0.0]". The
predefined trajectory path of the virtual leader is
configured as p, = [sin(0.5t), cos(0.5t),3.0]".
The communication tocology is given with w;, =
Wo3 = W34 =W,y =1 and by = 1. It is assumed
that the Quadrotor 2, 3, and 4 disconnect with the
virtual leader, respective to b, = b; = b, = 0.
Four Quadrotor systems are modeled with the same
parameters as m; = 1.7 (kg),g = 9.8 (m/s?),
J; = 107*diag([5.67,5.67,5.67])(Ns),I; =
103diag([4.0, 4.0,8.4]) (kgm?).

1 (24)
Vai = Esz;isni

Similar to the position control design, based on the
Lyapunov stability theory, the attitude dynamics in
(3) with the attitude control law in (22) is
asymptotically stable.

The control parameters are chosen as a,; =
am- = 2, ﬁpi = ﬁni = 05, kpli = 50, knli = 50,
kpai = 0.5, and k;5; = 0.1. The formation tracking
errors of both position and attitude control loops
are shown Figure 2. After 4 seconds, both
tracking errors asymptotically converge to a
bounded region around zero. Figure 3 shows the
position and attitude responses of four Quadrotor.
It is easy to observer that four Quadrotors achieve
the formation trajectory tracking following a virtual
leader. This is further illustrated in Figure 4, which
shows the 3D trajectories of the Quadrotor
formation while maintaining the desired formation
shape throughout the tracking process. We see that
the proposed controllers can accuracy track the
trajactory of the virtual leader while maintaining
the desired formation shape even in cases where
Quadrotor 2, 3, and 4 lose connection with the
virtual leader.

Quadrotor 1

Quadrotor 2

Quadrotor 3 OQuadrotor 41

2 2
= ’» 0 G
L o~ ol £ |,
N ? C‘j; "l ~§ -1 »r’
2 2] {
|
. _2 [/
0 20 40 0 20 40 0 20 40
{a) Times (s} (b) Times (s} (e} Times (s}
0.2 1
T o s
&=, A~ 0
&-0.2 &
0.4 : -1
20 0 o 20 g 0 . 40
{ci Times (3] (2] Times (s} (1 Tines (s}

Figure 2. The position and attitude formation tracking errors
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Figure 3. The position and attitude responses
l Qumdrolor 1 Quadrotor 2 Quandralor 3 Quadrotor 4
4
X
3
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1 d
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0
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Figure 4. The 3D trajectory of four Quadrotors

V. CONCLUSION

This paper presents a distributed formation
control scheme for a group of Quadrotor UAVs. It
is worth noting that disconnections between the
virtual leader and some followers may occur, and
each Quadrotor has access only to limited local
information from neighboring agents. To overcome
this challenge, a distributed observer is proposed to
estimate the position of the virtual leader by using
its desired position and the desired position of
neighbors. Then, a finte-time control law based
terminal sliding mode control is developed for both
position and attitude control loop, enabling each
Quadrotor can accurately track to the virtual leader
while maintain the desired formation shape.
Theoretical analyses based on Lyapunov stability
theory are provided to guarantee the stability of the
closed-loop system. Finally, a formation flight

simulation is conducted to verify the effectiveness
of the proposed method. In this simulation, four
Quadrotors successfully track a virtual leader while
maintaining a square formation throughout the
flight.
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