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Abstract

In this article, we proposed and study a new
extension of the Inverse Power Lomax distribution
using the Exponential T-X family and call it
Exponential T-X Inverse Power Lomax distribution.
some statistical properties of the new distribution
such as quantile function, moments, incomplete
moments, Probability weighted moments are
derived. In addition, various shapes of density
curves, survival curves, and hazard curve were
displayed. Maximum  Likelihood estimation
technique is used for the estimation of the
parameters of the new model, and also, we carried
out simulation to investigate the asymptotic
properties of the model. The applicability/flexibility
of the proposed model was demonstrated with three
real datasets. The efficiency of the model was
identified by comparing it to Inverse Lomax based
distributions.

Keywords: Exponential T-X Inverse Power
Lomax distribution, Probability Weighted moments,
quantile function.

I.  Introduction

The development of flexible probability
distributions has attracted considerable attention in
statistical literature due to their ability to model
complex real-life phenomena. Classical distributions
often fail to adequately capture diverse shapes of
data, particularly in reliability analysis, survival
studies, actuarial science, engineering, and medical
research. Consequently, several distribution-
generating techniques have been proposed to
enhance the flexibility of existing models. One such
approach is the T-X family of distributions, which
introduces additional shape parameters to improve
goodness-of-fit and accommodate various hazard
rate behaviors.

Among the available generators, the
Exponential T-X family has gained prominence
because of its simplicity and ability to produce
distributions with greater flexibility in modeling
skewed and heavy-tailed data. The Exponential T-X
generator transforms a baseline distribution through

the exponential distribution, resulting in new models
with richer statistical properties and more adaptable
density and hazard rate functions.

The Inverse Power Lomax (IPL)
distribution is a useful lifetime model obtained by
applying the inverse transformation to the Power
Lomax distribution. The IPL distribution is
particularly suitable for modeling heavy-tailed data
and lifetime observations exhibiting decreasing
failure rates. However, despite its usefulness, the
IPL distribution may lack sufficient flexibility when
analyzing data characterized by complex hazard rate
structures or varying degrees of skewness and
kurtosis.

To overcome these limitations, this study
introduces the Exponential T-X Inverse Power
Lomax (ET-XIPL) distribution by employing the
Exponential T-X generating mechanism on the
Inverse Power Lomax distribution. The proposed
distribution  incorporates additional shape
parameters that significantly enhance its flexibility,
allowing it to model a wider range of data patterns.
The density function of the ET-XIPL distribution
can exhibit various shapes, including right-skewed
and symmetric forms, while its hazard rate function
may be increasing, decreasing, bathtub-shaped, or
unimodal, making it suitable for diverse applications
in reliability and survival analysis.

The statistical properties of the proposed
distribution are investigated, including its quantile
function, moments, incomplete moments, moment
generating function, order statistics, entropy
measures, and reliability characteristics. Parameter
estimation can be carried out using the maximum
likelihood method or Bayesian techniques.
Furthermore, the usefulness of the ETXIPLD can be
demonstrated through applications to real-life
datasets and comparisons with existing competing
models using standard goodness-of-fit
criteria. Therefore, the Exponential T-X Inverse
Power Lomax Distribution provides a flexible and
robust alternative for modeling lifetime and
reliability  data, offering improved fitting
performance and wider applicability in various
scientific and engineering fields.
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Some of the well-known families evolved
in this way are Marshall and Olkin families of
distributions by Marshall and Olkin (1997),
Mahdavi and Kundu (2017) defined the alpha power
transformation family, the odd log-logistic Poisson-
G family was proposed by Alizadeh et al. (2018).
Oluyede et al. (2022) the Topp—Leone Gompertz-G
family. Weibull-Topp—Leone-G family was studied
by Chipepa (2020), Cordeiro et al. (2012) developed
the Kumaraswamy-G family, Ahmad et al. (2020)
developed the Arcsine Exponentiated-X family,
Ahmad et al. (2020) studied the weighted T-X
family, a new sine-G family was introduced by
Mahmood (2019), cos-G class discussed by Souza
(2019), a new family of polyno-trigonometric

distributions introduced by Jamal (2020), a novel
family of generating distributions based on
trigonometric functions introduced by Anwar (2021),
Weibull-Power Rayleigh distribution obtained by
(Mzamil (2022). Elbatal et al. (2022) examined the
Topp—Leone Weibull generated family, a new
family with extra parameter based on ratio
transformation presented by Murtaza (2022),
Soliman et al. (2025) investigated the properties of
the New Truncated Zubair-Generalized Family, EL-
Helbawy et al. (2025) studied the discrete
exponentiated  modified Topp-Leone  Chen
distribution. the New Shifted Lomax-X Family was
developed by Atchadé et al. (2025).

II.  Exponential T-X Inverse Power Lomax distribution

According to Zubair et al. (2021) the Probability density function (PDF) of the Exponential T-X family of

distribution is given by

f(zp)=1

@G (x)

The corresponding cumulative distribution function (CDF) is given by

F(z; ¢

T )
_plp—1)g(x)
BNCETAC)E )

To our knowledge, the Inverse Power Lomax (IPL) distribution is a versatile statistical tool utilized across
various disciplines, notably insurance, finance, environmental, engineering, lifetime, and energy theory. Various
extension of the IPL distribution has been widely studied among which we have (Ogunde et al. 2021, 2022,

2025). A random variable z follows an inverse power Lomax distribution, if its PDF is given by

—-a\, N

G(Z;O(,T),U)=(1 +T) ,z2>0; anv>0 3)
The corresponding survival function is given as

_ i -n

G(z;a,n,v)=1—<1+7) ,z>0; anv>0 4)

And the PDF given by
—a,—n-1

f(z;0,a,1m,v)=anv z %1 (1 + T) z>0; anv>0 5)

Where 1 and v are positive shape parameter and « is a scale parameter. Inserting (3) and (4), in (1) we obtain

an expression for the Exponential T-X inverse Power Lomax distribution as

@) = (o = Dantpr) 2 (1+ ZT)n <1 - %(l ¥ ZT)n> ©
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And the associated CDF is given by

o[-+
(12

Where 1, ¢ and v are positive shape parameter and « is a scale parameter. The graph of the CDF, PDF, survival

F(z;0,a,m,v)=1— @)

and the hazard functions are given in Figure 1 and 2 for various values of the parameters of the ET-XIPL

distribution.

Graph of distribution function of ET-XIPL distribution,=2.5

Graph of density function of ET-XIPL distribution
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Figure 1. Graph of the CDF and the PDF of ET-XIPL distribution
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Figure 2. Graph of the survival and the hazard of ET-XIPL distribution
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2.1 Quantile function for the ET-XIPL Model
The quantile function, which is used to generate random samples from the ET — XIPL distribution is derived

via obtaining the solution to the nonlinear equation given by

o(1-(1+5)")

1- =u
z—a\ "N
o= (1+5)
In this respect, the quantile function of ET — XIPL distribution is given by
( ) 1, ~Ya
po(1—-—q)+ 1}
Zyg =V |y -1 8
! { A-a-9¢ ®

Where g is uniformly distributed with and 0<q<I. we can generate random variable forthe ET-XIPL distribution
using (8). by setting q=0.25, 0.5 and 0.75, we respectively obtain an expression for the lower quartile, the
median, and the upper or their quartile. Table 1 display values of the first, median and the upper quartile for
different values of the parameters of the ET-XIPL distribution.

Table 1. Lower, Median Upper quartiles of the E7-XIPL distribution.

Parameter values Lower quartile Median Upper quartile
0.1,0.6,0.5,0.6 184.168 175.4983 437.1514
0.5,1.3,0.5,1.5 0.5223 0.7595 3.2114
0.5,0.3,0.5,0.2 33.4080 26.5837 25.1085
0.5,0.3,0.5,0.5 5.3452 4.2534 4.0174
0.5,1.3,0.5,1.2 0.8161 1.1869 5.0177
0.5,0.3,0.2,2.5 0.1621 0.1601 0.1599
0.5,0.3,0.2,1.1 0.8376 0.8267 0.8265
0.1,0.1,1.2,1.1 17375.89 145.2794 3.6628

2.2 Linear Representation

Useful expansion of the PDF is discussed. From the generalized binomial series expansion given as

(1 _12)h = z wz" ! €)]
and
(1-2)" = i(—nw WE (10)

Using (9) and (10) in (6), we have

(12207 - z

14

-a, ~Nnq

() (+7)

0
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Finally,

ORTUICORICERY i p(2) ot (145) . an
p=0

The expression given in (11) is the Exponentiated Exponential T — X Power Lomax distribution which shape

parameters a and n(q + 1) and scale parameter v.

III. Moments
Let Zfollows the ET — XIPL distribution then, the r*" ordinary moment of Z can be derived from (11) as

follows:
B =u = [ 7 fG)dz (12)
Inserting (11) in (12) we have
NP Sy “NP+D-1
EQX) = an(pv) (0 =1 ) p (—) f 25t (1 + —) dz  (13)
p=0 q) —00 v
By carrying out double substitution for y = ? and y = w(1 —w)~2 in (13), we have
NP S-ay ~[@+D+1]
= an(pv) (@ — 1) Z P (5) f FAR (1 + 7) dz  (14)
p=0 -

We have

[oe)

o] 1 p -
m:w—w—n&(a) J w'/a (1 —w)N®DE2 gy (15)
p=0

—00

Finally, we have
, . 1N\ r T
w=nen -0y p(0) B(L-g+ia@+ D+ 1+ -1) a6
p=0

by taking r = 1lin (16)we get the mean of the ET — XIPL distribution. We can also define the variance of the
ET — XIPL distribution as follows
V(Z) = E(z?) — E(2)?. The standard deviation (SD) of ET — XIPL distribution is obtained by taking the

square root of the variance.

31 Skewness and Kurtosis
The Skewness and Kurtosis of the ET — XIPL distribution are obtained by using
ro_ 3 o +2 3
sk =12 - ap +2(p1)
2 7 1
(uy — (11)?)

DOI: 10.5281/zenodo.21866859 | Impact Factor value 6.18 | ISO 9001: 2008 Certified Journal Page 13



\_)hk International Journal of Advances in Engineering and Management (IJAEM)

—

JAEM

Volume 8, Issue 8 August. 2026, pp: 09-18 www.ijaem.net

And

kurt(z) = s

2 — 4usps + 65 (uh)* = 3(up)*

{(uz = (u)?)}¥?

v' for a fixed value of parameter «, and 1, the mean, skewness, kurtosis, and standard deviation decreases

when the values of the parameters @and vincreases.

Table 2. First six moments, SD , CV, skewness, and kurtosis of ET — XIPL distribution

a=65n=25
Moments =15 @ =35 ¢ =55 @ =85 o =120 ¢ =15.0 ¢ =15.0
v=205 v=15 v=35 v=>5.0 v=285 v=12.0 v =15.0
Uy 1.6120 1.2276 1.0586 0.9778 0.9185 0.8610 0.8319
U 2.7871 1.6071 1.1936 1.0178 0.8978 0.7886 0.7363
us 5.2620 2.2853 1.4602 1.1486 0.9510 0.7829 0.7062
Uy 11.2442 3.6602 2.0098 1.4574 1.1324 0.8733 0.7613
Ue 29.7971 7.2392 3.4121 2.2796 1.6615 1.2003 1.0110
Ue 148.5543 26.8338 10.8459 6.6715 4.5598 3.0852 2.5109
SD 0.4342 0.3164 0.2701 0.2484 0.2327 0.2174 0.2103
Skewness | 1.9699 2.1050 2.1396 2.1346 2.1330 2.1888 2.1558
kurtosis 14.3993 15.6408 15.9277 16.1047 16.2838 16.0856 16.292
Cv 0.2694 0.2577 0.2552 0.2540 0.2534 0.2525 0.2528
Consequently, an expression for the incomplete moments is derived as follows
t
6, = jzrf(z)dz a7
Inserting (11) in (12) we have
i 1\P ; gy TNP+D-1
8, = an(ev) (e — 1) Z p (—) fzs‘“‘l (1 + —) dz (18)
p=0 ¢ —0 v
By carrying out double substitution for y = ? and y = w(1 — w)~2 in (18), we have
N - ~@+D+1]
5= anen -0y p(c) [ (1+5) dz  (19)
= Y v
We have
co t
1\P r +1)+1]+2-2
s =@ -1 Y p(;) [whe@-wltDIE (20
p=0 ¢ —0
Finally, we have
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o /1\P r r z7®
o = o= () B(1-Z+ L+ D+11+- -1 7—) @1
) a a v
p=0
by taking r = 1in (16)we get the mean of the ET — XIPL distribution. We can also define the variance of the
ET — XIPL distribution as follows

3.2 The moment generating function and characteristic function.
. T . . . .
Using the e = Y% t'x / 1> We can derive an expression for the moment generating function based on the

rt" moment of the ET — XIPL distribution as

(oo}

M;(t) = E(e*?) = Z e fer_xip (X)dz (22)

0
=n(pv) (¢ — 1)2 E/p (%)p B(1 —£+ L+ 1) +1] +£— 1)
p=0

consequently, we can also derive an expression for the characteristic function of the ET — XIPL distribution

based on the " moment of the ET — XIPL distribution as

(o0}

0,(6) = (™) = ) e for_yup (), 23)

0

=n(pv) (e —1) z (it)r/r!p (é)p B (1 — 2 +Ln(p+D+1]+ 2 — 1).
p=0

33 Probability Weighted Moments (PWMs)
The probability Weighted moments (PWMs) was developed by Greenwood et al. (1979) used for the estimation
of parameters of distributions. For any given random variable X, the PWMs, denoted by ¢, ¢, for the ET — XPL

can be derived using the following relation

[ee]

brs = E[z"(F(2))°] = J Z'f(2)(F(2))* dz (24)

—00

Plugging (5) and (6) in (24), followed by algebraic manipulation, we have

¢r,s =ad™

b gy ~(@+y+1)+1]
] Zr_a_1 (1 + 7) dz (25)

Where

- p+q+1\/s\/(p
o= -maen ), o ()0 ()
) =~ q p/\y
p=q=y
Using the same substitution for moments, we have

¢rs =19"BA =T/, +y+1)+"/q) (26)
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IV.  Maximum likelihood estimation
Maximum likelihood estimation is defined as a method where the values of the unknown parameters of a
distribution are estimated by maximizing the likelihood function of the distribution. Mathematically, given a
sample of data Zy = zyq,Zy2, Zn3, -, Zyn @and a probability distribution f(Zy/Qy) where Qy are unknown

parameters, the likelihood function is represented as
n
L@z = | [ fewm) 27
i=1
And the log-likelihood function
n
[, 20) = ogL(Qy,2) = log []_[ f(zN)} (28)
i=1
Inserting (5) in (28) we have

= log{(¢ — Dan(pv)™'} - (a + 1)2 log(z) — (n + 1)2 log (1 " %)

—22(1 —5(1 +§)_n) (29)

The detailed description of the maximum likelihood (ML) technique and associated procedures exist in literature

contains.

4.1 Application

Here, the ET — XIPL distribution is applied to real dataset, namely Breast cancer data, to demonstrate
the applicability of the model. We fit the density of the ET — XIPLdistribution and compare it fit with its sub-
models which includes: Exponential T-X Inverse Lomax (ET-XIL), Inverse Power Lomax (IPL), and Inverse
Lomax (IL) distribution. The data represent 121 breast cancer patients’ survival times during a specific period
from 1929 to 1938. Ramos et al. (2013) and Tahir et al. (2014)studied these datasets. The observations are listed
as follows: 0.3, 0.3, 4.0, 5.0, 5.6, 6.2, 6.3, 6.6, 6.8, 7.4, 7.5, 8.4, 8.4,10.3, 11.0, 11.8, 12.2, 12.3, 13.5, 14.4, 14 4,
14.8, 15.5, 15.7,16.2, 16.3, 16.5, 16.8, 17.2, 17.3, 17.5, 17.9, 19.8, 20.4, 20.9,21.0, 21.0, 21.1, 23.0, 23.4, 23.6,
24.0, 24.0, 27.9, 28.2, 29.1, 30.0, 31.0, 31.0, 32.0, 35.0, 35.0, 37.0, 37.0, 37.0, 38.0, 38.0,38.0, 39.0, 39.0, 40.0,
40.0, 40.0, 41.0, 41.0, 41.0, 42.0, 43.0,43.0, 43.0, 44.0, 45.0, 45.0, 46.0, 46.0, 47.0, 48.0, 49.0, 51.0, 51.0, 51.0,
52.0, 54.0, 55.0, 56.0, 57.0, 58.0, 59.0, 60.0, 60.0, 60.0, 61.0, 62.0, 65.0, 65.0, 67.0, 67.0, 68.0, 69.0, 78.0,
80.0,83.0, 88.0, 89.0, 90.0, 93.0, 96.0, 103.0, 105.0, 109.0, 109.0,111.0, 115.0, 117.0, 125.0, 126.0, 127.0, 129.0,
129.0, 139.0,and 154.0. The exploratory data analysis is given in Table 3 which shows that the data is over-
dispersed, leptokurtic and positively skewed. This is further supported by box and the kernel density plots. The
Total Time on Test (TTT) plot shows that the data exhibits an increasing failure rate. We consider measures of
the goodness-of-fit like the Akaike Information Criterion (AIC), Consistent Akaike Information Criterion

(CAIC), Kolmogorov Smirnoff (K), and the Probability value (P). The smaller these statistics are, the better fit
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the model is to the data except for the P value which has to be the largest. We determine the value of the model

parameters of the distributions, standard errors (in parenthesis).

Table 3. The Exploratory data analysis of the Breast cancer data

Mean

Min.

q1

median

q3

Max.

skewness

variance

Kurtosis

46.33

0.3

17.5

40.0

60.0

154

1.04

1244.5

3.40

150

100

Violin plot for the Breast cancer data

kernel density of Breast cancer data
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Figure 3. Box, TTT and Kernel density Plots
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50 100
N=121 Bandwidth = 10.94

T
150

Table 4.0 MLE’s, Standard error (in parenthesis) and Measures of goodness-of-fit for the Breast cancer

data

A b C Al L AIC CAIC K PV

ET-XIPL | 2.061 0.006 0.210 1.021 583.60 1175.21 1175.55 0.083 | 0.374
(0.128) (0.003) | (0.184) (0.022

ET-IL - 0.085 2.268 11.703 606.34 1218.69 1218.89 0.176 | 0.001
() (0.026) | (0.510) (13.088)

IPL 1.655 0.003 0.976 - 588.71 1183.42 1183.63 0.110 | 0.109
(0.065) (0.001) | (0.124) ()

IL - 0.078 2.251 - 605.92 1215.86 1215.96 0.177 | 0.001
() (0.022) | (0.495) )

From Table 4.0 it can be concluded that the ET — XIPL model is the best model to the cancer data because it

possesses the smallest AIC, CAIC, K, and the largest P values

some of its relevant statistical properties.To
determine the flexibility and applicability the ET —
XIPL distribution we applied the novel distribution
to Breast cancer data set and discovered that it
outperforms other competing distributions and

V. Conclusion

In this paper, we developed a novel four-
parameter distribution known as the Exponential T-
X Inverse Power Lomax distribution and examined
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offers a better fit than its sub-models. We bayesian and non-bayesian estimation and

recommend that ET — XIPL model for

wider

application in areas like biological and physical
sciences.
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  f ( z ; 𝜑 ) = 1 −   𝜑   G - ( x )  𝜑 − G ( x )                                                                                                             ( 1 )


  F ( z ; 𝜑 ) =   𝜑  ( 𝜑 − 1 ) g ( x )     ( 𝜑 − G ( x ) ) 2                                                                                                                   ( 2 )


  z


  G  ( z ; 𝛼 , 𝜂 , v ) =    ( 1 +     z  − 𝛼  v )  − 𝜂     , z > 0 ;       𝛼 , 𝜂 , v > 0                                                                                   ( 3 )


    G - ( z ; 𝛼 , 𝜂 , v ) = 1 −    ( 1 +     z  − 𝛼  v )  − 𝜂   , z > 0 ;       𝛼 , 𝜂 , v > 0                                                                   ( 4 )


  f ( z ; 𝜑 , 𝛼 , 𝜂 , v ) = 𝛼   𝜂   v  − 1 z  − 𝛼 − 1    ( 1 +     z  − 𝛼  v )  − 𝜂 − 1       z > 0 ;       𝛼 , 𝜂 , v > 0                                   ( 5 )


  𝜂


  v


    𝛼


  f ( z ) =  ( 𝜑 − 1 ) 𝛼   𝜂   ( 𝜑 v )  − 1 z  − 𝛼 − 1    ( 1 +     z  − 𝛼  v )  − 𝜂 − 1    ( 1 −  1  𝜑    ( 1 +     z  − 𝛼  v )  − 𝜂 )  − 2             ( 6 )


  F ( z ; 𝜑 ,   𝛼 , 𝜂 , v ) = 1 −   𝜑  [ 1 −    ( 1 +     z  − 𝛼  v )  − 𝜂 ]  𝜑 −    ( 1 +     z  − 𝛼  v )  − 𝜂                                                                                                             ( 7 )


  𝜂 ,   𝜑


  v


    𝛼


  E T − X I P L


  1 −   𝜑  ( 1 −    ( 1 +     z  − 𝛼  v )  − 𝜂 )  𝜑 −    ( 1 +     z  − 𝛼  v )  − 𝜂 = u


  E T − X I P L


    z  q =    { v  [    {   𝜑  ( 1 − q ) + 1   ( 1 − q ) − 𝜑 }  −  1  𝜂 − 1 ] }  −  1  𝛼                                                                                                                       ( 8 )


  q


  0<q<1


  ET-XIPL


  q=0.25, 0.5


  0.75


  ET-XIPL


  ET-XIPL


  0 . 5 , 0 . 3 , 0 . 5 , 0 . 5


   1     ( 1 − z ) h =   ∑  w = 0 ∞  w   z  w − 1                                                                                                                                   ( 9 )


     ( 1 − z ) h =   ∑  w = 0 ∞     ( − 1 )  w  (  h  w )   z  w                                                                                                       ( 10 )


     ( 1 −  1  𝜑    ( 1 +     z  − 𝛼  v )  − 𝜂 )  − 2 =   ∑  p = q = 0 ∞  p    (  1  𝜑 )  p    ( 1 +     z  − 𝛼  v )  − 𝜂 q


  f  ( z ) =   𝛼 𝜂  ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p   z  − 𝛼 − 1    ( 1 +     z  − 𝛼  v )  − 𝜂  ( p + 1 ) − 1 .             ( 11 )


  T − X


  𝛼


  𝜂 ( q + 1 )


  v


  Z


  E T − X I P L


    r  t h


  Z


  E  (   X  r ) =   𝜇  r ′ =   ∫  − ∞ ∞    z  r f  ( z ) d z                                                                                                                                                 ( 12 )


  E (   X  r ) =   𝛼 𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p   ∫  − ∞ ∞    z  s − 𝛼 − 1    ( 1 +     z  − 𝛼  v )  − 𝜂 ( p + 1 ) − 1       d z                 ( 13 )


  y =     z  − 𝛼  v


  y =   w ( 1 − w )  − 2


    𝜇  r ′ =   𝛼 𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p   ∫  − ∞ ∞    z  r − 𝛼 − 1    ( 1 +     z  − 𝛼  v )  − [ 𝜂 ( p + 1 ) + 1 ]       d z                   ( 14 )


    𝜇  r ′ =   𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p   ∫  − ∞ ∞    w    r  𝛼    ( 1 − w )  [ 𝜂 ( p + 1 ) + 1 ] +   r  𝛼 − 2       d z         ( 15 )


    𝜇  r ′ =   𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p B  ( 1 −   r  𝛼 + 1 , 𝜂 ( p + 1 ) + 1 ] +   r  𝛼 − 1 )             ( 16 )


  r = 1


  E T − X I P L


  E T − X I P L


  V ( Z ) = E  (   z 2 ) − E    ( z ) 2


  E T − X I P L


  E T − X I P L


  s k ( z ) =     𝜇 3 ′ − 3   𝜇 1 ′   𝜇 2 ′ + 2    (   𝜇 1 ′ ) 3    (   𝜇 2 ′ −    (   𝜇 1 ′ ) 2 )  3 2


  k u r t ( z ) =     𝜇 4 ′ −   4 𝜇 3 ′   𝜇 1 ′ + 6   𝜇 2 ′    (   𝜇 1 ′ ) 2 − 3    (   𝜇 1 ′ ) 4     {  (   𝜇 2 ′ −    (   𝜇 1 ′ ) 2 ) } 2


  𝛼 ,   a n d   𝜂


  𝜑


  v


  𝑺 𝑫


  𝑬 𝑻 − 𝑿 𝑰 𝑷 𝑳  


  𝛼 = 6 . 5 , 𝜂 = 2 . 5


  𝜑 = 1 . 5


  v = 0 . 5


  v = 0 . 5


  𝜑 = 3 . 5


  v = 1 . 5


  v = 1 . 5


  𝜑 = 5 . 5


  v = 3 . 5


  v = 3 . 5


  𝜑 = 8 . 5


  v = 5 . 0


  v = 5 . 0


  𝜑 = 12 . 0


  v = 8 . 5


  v = 8 . 5


  𝜑 = 15 . 0


  v = 12 . 0


  v = 12 . 0


  𝜑 = 15 . 0


  v = 15 . 0


  v = 15 . 0


    𝜇 1 ′


    𝜇 2 ′


    𝜇 3 ′


    𝜇 4 ′


    𝜇 5 ′


    𝜇 6 ′ 


  


    𝛿  r ′ =   ∫  − ∞  t    z  r f  ( z ) d z                                                                                                                                                 ( 17 )


    𝛿  r ′ =   𝛼 𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p   ∫  − ∞  t    z  s − 𝛼 − 1    ( 1 +     z  − 𝛼  v )  − 𝜂 ( p + 1 ) − 1       d z                 ( 18 )


  y =     z  − 𝛼  v


  y =   w ( 1 − w )  − 2


    𝛿  r ′ =   𝛼 𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p   ∫  − ∞  t    z  r − 𝛼 − 1    ( 1 +     z  − 𝛼  v )  − [ 𝜂 ( p + 1 ) + 1 ]       d z                   ( 19 )


    𝛿  r ′ =   𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p   ∫  − ∞  t    w    r  𝛼    ( 1 − w )  [ 𝜂 ( p + 1 ) + 1 ] +   r  𝛼 − 2       d z         ( 20 )


    𝛿  r ′ =   𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞  p    (  1  𝜑 )  p B  ( 1 −   r  𝛼 + 1 , 𝜂 ( p + 1 ) + 1 ] +   r  𝛼 − 1 ;       z  − 𝛼  v )   ( 21 )


  r = 1


  E T − X I P L


  E T − X I P L


    e  t X =   ∑  r = 0 ∞        t  r x  r  r !


    r  t h


  E T − X I P L


    M  Z  ( t ) = E  (   e  t Z ) =   ∑ 0 ∞    e  t Z   f  E T − X I P L  ( x ) d z                                                                         ( 22 )


  =   𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞      t  r  r ! p    (  1  𝜑 )  p B  ( 1 −   r  𝛼 + 1 , 𝜂 ( p + 1 ) + 1 ] +   r  𝛼 − 1 )


  =   𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞      t  r  r ! p    (  1  𝜑 )  p B  ( 1 −   r  𝛼 + 1 , 𝜂 ( p + 1 ) + 1 ] +   r  𝛼 − 1 )


  E T − X I P L


    r  t h


  E T − X I P L


   Ω  z  ( t ) = E  (   e  i t z ) =   ∑ 0 ∞    e  i t z   f  E T − X I P L  ( z ) d z ,                                                                                                                   ( 23 )


  =   𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞      ( i t )  r  r ! p    (  1  𝜑 )  p B  ( 1 −   r  𝛼 + 1 , 𝜂 ( p + 1 ) + 1 ] +   r  𝛼 − 1 ) .  


  =   𝜂 ( 𝜑 v )  − 1  ( 𝜑 − 1 )   ∑  p = 0 ∞      ( i t )  r  r ! p    (  1  𝜑 )  p B  ( 1 −   r  𝛼 + 1 , 𝜂 ( p + 1 ) + 1 ] +   r  𝛼 − 1 ) .  


  X ,


  P W M s ,


    𝜙  r , s


  E T − X P L


    𝜙  r , s = E  [   z  r   ( F ( z ) )  s ] =   ∫  − ∞ ∞    z  r f ( z )   ( F ( z ) )  s d z                                                                   ( 24 )


    𝜙  r , s = 𝛼   𝜗  ∗ ∗   ∫  − ∞ ∞    z  r − 𝛼 − 1    ( 1 +     z  − 𝛼  v )  − [ 𝜂 ( q + y + 1 ) + 1 ] d z                                                                                                           ( 25 )  


    𝜗  ∗ ∗ =  ( 𝜑 − 1 ) 𝜂   ( 𝜑 v )  − 1   ∑  p = q = y ∞    ( − 1 )  p + y  (   p + q + 1  q )  (   s  p )  (   p  y )


    𝜙  r , s = r   𝜗  ∗ ∗ B  ( 1 −   r  𝛼 , 𝜂 ( q + y + 1 ) +   r  𝛼 )                                                                                   ( 26 )  


    Z  N =   z  N 1 ,   z  N 2 ,   z  N 3 , … ,   z  N n


  f  (     Z  N   Ω  N )


   Ω  N


  L  (  Ω  N ,   z  N ) =   ∏  i = 1  n  f (   z  N )                                                                                                                                                                                     ( 27 )


  l  (  Ω  N ,   z  N ) = l o g L  (  Ω  N ,   z  N ) = l o g  {   ∏  i = 1  n  f (   z  N ) }                                                                                 ( 28 )


  l = l o g  {  ( 𝜑 − 1 ) 𝛼 𝜂   ( 𝜑 v )  − 1 } − ( 𝛼 + 1 )   ∑  i = 1  n  l o g ( z ) − ( 𝜂 + 1 )   ∑  i = 1  n  l o g  ( 1 +     z  − 𝛼  v )


  − 2   ∑  i = 1  n   ( 1 −  1  𝜑    ( 1 +     z  − 𝛼  v )  − 𝜂 )                                                                                                                                                                 ( 29 )


  − 2   ∑  i = 1  n   ( 1 −  1  𝜑    ( 1 +     z  − 𝛼  v )  − 𝜂 )                                                                                                                                                                 ( 29 )


  E T − X I P L


  E T − X I P L


    𝒒  𝟏


    𝒒  𝟑


  E T − X I P L


  A I C


  C A I C


  K


  P


  E T − X I P L


  E T − X I P L

