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ABSTRACT: This paper is  devoted  to  obtain  non-zero  distinct  integer  solutions  to   

homogeneous  cubic  equation with four unknowns  represented by 
233 13zwyx  along with few 

observations.
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NOTATIONS 

 Polygonal number of rank n with size m 

   







 


2

2m1n
1nt n,m

 

  

I. INTRODUCTION 

The cubic Diophantine equations are rich in variety and offer an unlimited field for research [1,3,4]. 

For an extensive review of various problems, one may refer [2,5-24]. This paper concerns with another 

interesting cubic Diophantine equation with four unknowns 
233 13zwyx  for determining its infinitely 

many non-zero integral solutions.
 

 

 

II. METHOD OF ANALYSIS  
 

 

The homogeneous cubic equation with four unknowns to be solved is 

                                 
233 13zwyx 

                                                                               (1) 

Introduction of the linear transformations  

                 
vuuzvuyvux  ,2,,

                        (2)  

in  (1) leads to 

                           
222 133 wvu 

                                                                      (3) 

We present below different methods of solving (3) and thus obtain different patterns of 

integral solutions to (1). 

Pattern-I 
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Let    
22 3baw                                                                 (4) 

where  a  and  b  are  non-zero  integers. 

Write  13  as   32132113 ii                                                   (5) 

Using  (4), (5) in (3) and  applying  the  method   of   factorization,  define  

                        233213 biaiviu                                           (6) 

Equating the real and imaginary parts, we have 

                      











22

22

622

312

babav

babau
                                                         (7) 

Using  (7)  and  ( 2),  the  values  of  yx,   and  z  are  given  by 

                        














22

22

22

b6ab24a2)b,a(zz

b3ab14a)b,a(yy

b9ab10a3)b,a(xx

                            (8) 

Thus  (4)  and  (8)  represent  the  non-zero  integer  solutions  to  (1).    

 Observations: 

  

)924()1,()1,(.5

)2(mod0),1(),1(.4

)3(mod0)1,()1,(.3

401),1(),1(.2

127)1,()1,(.1

,4

,6

,8

,10











atawaz

bwby

tawax

btbzby

atayax

a

a

a

a

 
Note:1 One may represent 13 as the product of complex conjugates as shown below: 

          

  
4

3737
13

ii 
                                                                                            (9) 

          
  

4

335335
13

ii 


                                                                               (10)

          
  

49

32253225
13

ii 
                                                                              (11) 

Following the procedure as above, the corresponding integer solutions to (1) along with 

respective observations are presented below: 

Set: I 

 Solutions of (1) using (9): 
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




















22

22

22

22

3

2167),(

9103),(

1244),(

baw

bababazz

bababayy

bababaxx

                        

Observations: 

  

atazay

btbwbzbx

atawaz

ataway

btbwbx

a

b

a

a

b

712)1,()1,(.5

221),1(),1(),1(.4

)24()1,()1,(.3

)67()1,()1,(.2

45),1(),1(.1

,10

,26

,14

,10

,20











 

Set: II 

Solutions of (1) using (10): 






















22

22

22

22

3

15185),(

314),(

1244),(

baw

bababazz

bababayy

bababaxx

                    

Observations: 

  

27a14t)1,a(z)1,a(x.5

4b15t)b,1(z)b,1(y.4

15a14t)1,a(y)1,a(x..3

b19t)b.1(w)b,1(y.2

)15a2(t)1,a(w)1,a(x.1

a,20

b,26

a,12

b,14

a,8











 
Set: III 

Solutions of (1) using (11): 






















)3(49),(

1050168350),(

483434161),(

567266189),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 

Observations: 
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28B620t4)B,1(y)B,1(x.4

)3(mod0t43)1,A(w)1,A(z.3

B754210t16)B,1(w)B,1(y.2

A392t14)1,A(w)1,A(x.1

B,44

A,16

B,44

A,22









 

Pattern-II 
Write  (3) as 

  1*133 222 wvu                   (12) 

Write  1  as 

                        
  













 


4

3131
1

ii
                                                          (13) 

Using  (4), (5),(13) in (12) and  applying  the  method   of   factorization,  define  

                        












 


2

3i1
b3ia32i1v3iu

2

                           

from  which  we  have 

          

 

 













22

22

b9ab10a3
2

1
v

b15ab18a5
2

1
u

                                              (14) 

Using  (14)  and  ( 2),  the  values  of  yx,   and  z  are  given  by 

                        














22

22

22

b15ab18a5)b,a(zz

b12ab4a4)b,a(yy

b3ab14a)b,a(xx

               (15) 

Thus  (4)  and  (15)  represent  the  non-zero  integer  solutions  to  (1).  

Observations: 

  

)3(mod0t)1,a(w)1,a(z)1,a(y)1,a(x.5

)6b7(t)b,1(w)b,1(z.4

)9a8(t)1,a(y)1,a(x.3

b121t)b,1(z)b,1(y.2

)5(mod0t)1,a(w)1,a(x.1

a,4

b,26

a,8

b,8

a,6











 
Note:2   One may represent 1 on the R.H.S. of (12) as below: 

  












 


49

34i134i1
1

                                                                                            (16)

 
  













 


169

34i1134i11
1

                                                                                       (17)
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  












 


196

33i1333i13
1

                                                                                       (18) 

Following the procedure presented as above, for simplicity and brevity, we present below the 

integer solutions to (1) obtained from (12) for other representations of 13 and 1 on the R.H.S. 

of (12): 

Set: IV 

Solutions of (1) using (5) and (16): 

 
 
 





















)3(49),(

966504322),(

60970203),(

357574119),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 

Observations: 

371B224t91)B,1(w)B,1(z.5

)70B133(t63)B,1(w)B,1(x.4

A9941428t14)1,A(w)1,A(z)1,A(y.3

119B268t51)B,1(z)B,1(y.2

252A548t12)1,A(y)1,A(x.1

B,20

B,18

A,84

B,16

A,16











 

Set: V 

Solutions of (1) using (5) and (17): 






















22

22

22

22

3

6242),(

9103),(

314),(

baw

bababazz

bababayy

bababaxx

 

Observations: 

 

a1112t)1,a(w)1,a(y.4

2b14)b,1(w)b,1(z)b,1(y.3

a263t)1,a(w)1,a(y)1,a(x.2

b142)b,1(w)b,1(x.1

a,6

a,8









 

Set: VI 

Solutions of (1) using (5) and (18): 
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 
 
 





















)B3A(196)B,A(ww

B420AB4872A140)B,A(zz

B1428AB2296A476)B,A(yy

B1008AB2576A336)B,A(xx

22

22

22

22

 

Observations: 

 

1428A2744t28)1,A(z)1,A(x.4

)672B1496(t40)B,1(w)B,1(y.3

A79511260t29)1,A(w)1,A(z)1,A(y.2

140B4039t133)B,1(w)B,1(x.1

A,36

B,44

A,58

B,26









 

Set: VII 

Solutions of (1) using (9) and (18): 

 

 
 
 





















)3(784),(

13776114244592),(

4032103041344),(

974411203248),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 

Set: VIII 

Solutions of (1) using (10) and (16): 

 
 
 





















)3(196),(

26043864868),(

22681064756),(

3362800112),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 

Observations: 

 

BtBwBzBy

AtAyAx

AtAwAz

BtBwBx

B

A

A

B

302430828),1(),1(),1(.4

)19321120(28)1,()1,(.3

4504319232)1,()1,(.2

)703(2884),1(),1(.1

,20

,48

,44

,24









 

Set: IX 

Solutions of (1) using (10) and (17): 
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 
 
 





















)3(676),(

296416536988),(

26529256884),(

561672801872),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 

Set: X 

Solutions of (1) using (10) and (18): 

 
 
 





















)3(784),(

6384181442128),(

134411200448),(

772869442576),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 

 Set: XI 

Solutions of (1) using (11) and (13): 

 
 
 





















)3(196),(

15964536532),(

3362800112),(

19321736644),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 
Observations: 

  

BtBxBz

AtAwAy

BtByBz

AtAwAx

B

A

B

A

248511221),1(),1(.4

272892412)1,()1,(.3

358464484),1(),1(.2

)13441001(105)1,()1,(.1

,34

,16

,48

,18









 

Set: XII 

Solutions of (1) using (11) and (16): 

  

          

 
 
 





















)3(2401),(

2945997698),(

14847300864949),(

15141298905047),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

  

Set: XIII 

Solutions of (1) using (11) and (17): 
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 
 
 





















)3(8281),(

13704613322445682),(

3521711229411739),(

1018292093033943),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 

Set: XIV 

Solutions of (1) using (11) and (18): 

           

 
 
 





















)3(9604),(

18051611877660172),(

6056411956020188),(

11995278439984),(

22

22

22

22

BABAww

BABABAzz

BABABAyy

BABABAxx

 

Pattern-III 

We can write (3) in the form of ratio as 

      














wu

vw2

)vw2(3

wu
                  

The above equation is equivalent to the double equations 

   
0w)2(vu

0w)6(v3u




 

Applying the method of cross multiplication, we get 

   










22

22

226v

123u
                (19) 

   
223w                       (20) 

Using (19) in (2), we have 

   














22

22

22

2246),(z

3109),(y

143),(x

                                      (21) 

Thus, (20) and (21) give a set of integer solutions to (1). 

Note :3  One may also write (3) in the form of ratio as 

0,
wu

)vw2(3

)vw2(

wu
















 

Following the above procedure, a different set of solutions to (1) are obtained. 

Pattern-IV 

Rewrite (3) as 3𝑣2 = 13𝑤2 − 𝑢2                          (22) 

Introducing the linear transformations 

 𝑢 = 𝑋 + 13𝑇, 𝑤 = 𝑋 + 𝑇, 𝑣 = 2𝑉               (23) 

in (22) , it leads to 

 𝑋2 = 𝑉2 + 13𝑇2                            (24) 
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which is satisfied by 

 𝑇 = 2𝑟𝑠, 𝑉 = 13𝑟2 − 𝑠2, 𝑋 = 13𝑟2 + 𝑠2 
Substituting the above values of X and T in (23), we have 

 𝑢 = 13𝑟2 + 𝑠2 + 26𝑟𝑠, 𝑤 = 13𝑟2 + 𝑠2 + 2𝑟𝑠, 𝑣 = 2(13𝑟2 − 𝑠2) 
Substituting the values of u and v in (2) , the corresponding non-zero integer values of x,y,z 

satisfying (1) are given by 

𝑥 = 𝑥 𝑟, 𝑠 = 39𝑟2 − 𝑠2 + 26𝑟𝑠 

𝑦 = 𝑦 𝑟, 𝑠 = −13𝑟2 + 3𝑠2 + 26𝑟𝑠 
𝑧 = 𝑧 𝑟, 𝑠 = 26𝑟2 + 2𝑠2 + 52rs 
 

Note: 4 

The linear transformation (23) can also be taken as 

  𝑢 = 𝑋 − 13𝑇, 𝑤 = 𝑋 − 𝑇, 𝑣 = 2𝑉       
By following the procedure as above we get a different choice of integer solutions to (1).  

Pattern-V 

Equation (24) can be written in the form 𝑋2 − 𝑉2 = 13𝑇2 

which is equivalent to the system of double equation as shown below: 

System   1    2         3             

 𝑋 + 𝑉     =               13𝑇2                        𝑇2                      13𝑇    
𝑋 − 𝑉      =                1                           13                           𝑇       
Solving these equations, we obtain the values of X and T. 

In View of (23) and (2),  the corresponding non-zero distinct integer solutions of (1) are 

System:1    System:2    System:3  

𝑥 = 78𝑡2 + 104𝑡 + 32            𝑥 = 6𝑡2 + 32𝑡 + 8             𝑥 = 32𝑡  

𝑦 = −26𝑡2 + 8                            𝑦 = −2𝑡2 + 24𝑡 + 32             𝑦 = 8𝑡      
𝑧 = 52𝑡2 + 104𝑡 + 40            𝑧 = 4𝑡2 + 56𝑡 + 40            𝑧 = 40𝑡     

𝑤 = 26𝑡2 + 28𝑡 + 8                           𝑤 = 2𝑡2 + 4𝑡 + 8                        𝑤 = 8𝑡  

REMARKABLE OBSERVATIONS: 

If the non zero integer triplet (𝑢0, 𝑣0 , 𝑤0) is any solution of (3), then each of the following 

three quadruple of integers based on 𝑢0 , 𝑣0and 𝑤0also satisfies (1). 
Quadruple:1 (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛 , 𝑤𝑛) 

  𝑥𝑛 =  2𝑛−1 + 2 −2 𝑛−2 𝑢0 +  −2𝑛−1 + 6 −2 𝑛−2 𝑣0 

 𝑦𝑛 = 2𝑛𝑢0 − 2𝑛𝑣0 

 𝑧𝑛 = 2  3.2𝑛−2 +  −2 𝑛−2 𝑢0 +  −3.2𝑛−2 + 3 −2 𝑛−2 𝑣0  

 𝑤𝑛 = 2𝑛𝑤0 

Quadruple:2 (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛 , 𝑤𝑛) 

  𝑥𝑛 =  13.2𝑛−2 − 9 −2 𝑛−2 𝑢0 + 39 (−2𝑛−2) +  −2 𝑛−2 𝑤0 + 2𝑛𝑣0 

  𝑦𝑛 =  13.2𝑛−2 − 9 −2 𝑛−2 𝑢0 + 39 (−2𝑛−2) +  −2 𝑛−2 𝑤0 − 2𝑛𝑣0 
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 𝑧𝑛 = 2  13.2𝑛−2 − 9 −2 𝑛−2 𝑢0 + 39 (−2𝑛−2) +  −2 𝑛−2 𝑤0  

 𝑤𝑛 = 3 2𝑛−2 −  −2 𝑛−2 𝑢0 +  −9(2𝑛−2) + 13 −2 𝑛−2 𝑤0 

Quadruple:3 (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛 , 𝑤𝑛) 

  𝑥𝑛 = 5𝑛𝑢0 +
1

2
  13.5𝑛−1  − 3 −5 𝑛−1 𝑣0 + 13 −5𝑛−1  +  −5 𝑛−1 𝑤0  

 𝑦𝑛 = 5𝑛𝑢0 −
1

2
  13.5𝑛−1  − 3 −5 𝑛−1 𝑣0 + 13 −5𝑛−1  +  −5 𝑛−1 𝑤0  

 𝑧𝑛 = 2.5𝑛𝑢0 

 𝑤𝑛 =
1

2
 3 5𝑛−1  −  −5 𝑛−1 𝑣0 +  −3. 5𝑛−1  + 13 −5 𝑛−1 𝑤0  

III. CONCLUSION 

In  this  paper,  we  have  made  an  

attempt  to  determine  different  patterns  of  

non-zero  distinct   integer  solutions  to  the  

homogeneous  cubic  equation  with  four  

unknowns.  As  the  cubic  equations  are   rich  

in  variety,  one  may  search  for  other   forms  

of  cubic  equations  with  multi-variables  to  

obtain  their  corresponding solutions . 
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