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Abstract

In this article, we proposed and study a new version
of the Inverse Exponential distribution using the
Exponential T-X family and call it Exponential T-X
Inverse Exponential (ET-XIE) distribution. essential
properties of the new distribution including quantile
function, moments, incomplete moments, average
waiting time, mean residual time Lorenz and
Bonferroni curves, and Probability weighted
moments are derived. Shapes of density, survival,
and hazard curves were displayed which suggest
that the ET — XIE distribution is good in modeling
real life data of any characteristics of the hazard rate
function. The applicability of the ET-XIE

distribution was established using a real-life data set.

Keywords: Exponential T-X Inverse Exponential
distribution,  Probability =~ Weighted moments,
quantile function, incomplete moments

I. Introduction

Statistical distributions are developed in
probability theory, and the paradigm aids in
understanding  uncertainty  and  generating
predictions and judgments across disciplines.
Statisticians look for the best mathematical model
that can be used to describe the nature of data set.
However, traditional probability distributions are no
longer appropriate for describing the plethora of
heterogeneous data that exists today. For example,
the exponential distribution exhibits constant failure
rate, Weibull, Lomax, Frechet, and Pareto
distribution failure rate increases with time, the
Gumbel distribution failure rate decreases with time.
They must be expanded in order to create new
distribution families that can accommodate different

kinds of failure rate with an improved modeling
potential. Knowing characteristics of distribution
families is important for selecting models for
various statistical studies and applications. In the
literature, new distributions can be generated by the
addition of parameter(s) to a baseline distribution
using generalized families, transformation method,
combining multiple distributions, etc. Some of the
well-known families evolved in this way are
Marshall and Olkin families of distributions by [15],
[16] defined the alpha power transformation family,
the odd log-logistic Poisson family was proposed by
[4]. [20] the Topp—Leone Gompertz-G family. [3]
studied the weighted T-X family. The
Trigonometric family introduced by [7], Weibull-
Power Rayleigh distribution obtained by [17]. [5]
examined the Topp-Leone Weibull generated
family, a new family based on ratio transformation
presented by [6]. [24] investigated the properties of
the New Truncated Zubair-G, [12] studied the
discrete exponentiated modified Topp—Leone Chen
distribution. This work is motivated by the various
advantages offered by generalized family of
distributions in inducing flexibility to the baseline
distribution. This study extends the Inverse
Exponential distribution using the Exponential T-X
family to produce a more tractable distribution
called Exponential T-X Inverse Exponential
distribution. Several variants of the Inverse
exponential distribution have been developed and
this includes Mashall and Olkin Inverse exponential
distribution, transmuted inverted Weibull
distribution, and exponentiated transmuted inverted
Weibull distribution was respectively developed by
[19, 22-23] among several others.

II.  Exponential T-X Inverse Lomax distribution
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The corresponding density function (PDF) is given by
(€ -Dg®)
((=G(x)?

The Inverse Exponential (IE) distribution is a good statistical tool utilized across various disciplines, such as in

fx:0) = ()

finance, environmental engineering, lifetime, and reliability. Various extension of the IL distribution has been
widely studied among which we have [18, 21]. A random variable x follows an Inverse Exponential
distribution, if its PDF is given by
Gr(v) =e ™™ x>0, v>0 3
The corresponding survival function is given as
Gev)=1—e x>0, v>0 @)
And the PDF given by
g V) =vx 2™ x>0, v>0 (5)
Where p is positive shape parameters. Inserting (3) and (4), in (1) we derive an expression for the Exponential

T-X inverse Exponential distribution as

- —14-2
for—xip(x) = {({ — Dvx~2e™* 1(( —e™ 1) , x>0,¢v>0 (6)
And the associated CDF is given by

([1 _ e—vx'l]
Fer—xip(x;{,v) =1 - NareTan @
An expression for the survival, hazard, and reversed hazard rate functions is respectively, given as
{1—e7
Sgr-xig(X;§,v) =1 = F(x;{,v) = (e ®
- —14-1
(@ —Dvx2e™™ (( —e™ )
hgr—xig(x; ¢, v) = ([1 — e_vx—l] ) €))
and
f(x;,v) Jvx~?
Hpr_xie(%;{,v) = = (10)

F(x;¢,v) (¢ —evt)

Where ¢ and v are positive shape parameters. The graph of the CDF, PDF, survival and the hazard functions are

given in Figures 1 and 2 for values of the parameters of the ET-XIE distribution.

DOI: 10.35629/5252-0807245254 | Impact Factor value 6.18 | ISO 9001: 2008 Certified Journal Page 246



\_JI‘Ik International Journal of Advances in Engineering and Management (IJAEM)

" Volume 8, Issue 7 July. 2026, pp: 245-254  www.ijaem.net

JAEM

Graph of distribution function of ET-XIE distribution,v=0.1 Graph of density function of ET-XIE distribution

o
]
o

=15 Z=15y=1.1

=25 =15v=15
w

=30 p 1=20v=24

a=2.5 a=15y=2.8

= a=3.0 a=1.0v=16
5 2 o

© (=44 = = =14y=1.1
o
w0
3
3
o
]
S

T T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10

Figure 1. Graph of the CDF and the PDF of ET-IE distribution

Graph of survival function of ET-XIE distribution Graph of hazard function of ET-XIE distribution
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Figure 2. Graph of the s(x) and the h(x) of ET-XIE distribution

2.1 Quantile function for the ET-XIE Model

The quantile function, which is used to generate random samples from the ET — XIE distribution is derived via

obtaining the solution to the nonlinear equation given by

C{1—eT

{— e—vxt =u

1
In this respect, the quantile function of ET — XIE distribution is given by

o= [os (=il v

Where u is uniformly distributed with and O0<u<1. we can generate random variable for the ET-XIE

distribution using (8). by setting u=0.25, 0.5 and 0.75, we respectively obtain an expression for the lower

quartile, the median, and the upper quartile.
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2.2 Linear Representation

From the generalized binomial series expansion given as

1 _
m = ZUX 1 (12)

Using (12) in (6), we have

had l
(—2 (1 _ le—vxﬂ) — (—2 Z l (l) e—le'1
¢ e \§
Finally,

+1

0 1 .
fer—xig(x) = ({ — 1)172 l <E) x"2e VDX (13)

=0

The expression given in (13) is the ET — XIE distribution with scale parameter v(l + 1).

III. Moments

Let Xfollows the ET — XIE distribution then, the " ordinary moment of X can be derived from (11) as follows:

B =t = [ 57 forwis () (19)
Inserting (13) in (14) we have

+1

E(X") = (( - 1)v§:l<%> Jw xT2 e DT gy (15)

By letting y = v(I + Dx~ Y, x = y 'v(l + 1), and dx = v(l + 1)y~2dy in (15), we have

141 bt

M}=(€—1)vil(%) w(l + DY f YT eV dy (16)

=0 —00
Finally, we have

+1

= 1
=@ =Dy L (3) W+ DY 2rE - (17)

1=0
by taking r = 1we get the mean of the ET — XIL distribution as

+1

b= G- D”i ;) warvrt ag

1=0
and for r = 2, we have

b I+1

RSN (%) (19)

=0
We can also define the variance of the ET — XIL distribution as V(X) = E(x2) — E(x)?, which is given by

b I+1

VX) = (¢ - 1)172 ! (%) _ {(z _ 1)v§: ! @Hl w(l + 1)}—1]2 (20)

1=0 =0
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3.1 Skewness and Kurtosis
The Skewness and Kurtosis of the ET — XIPL distribution are obtained by using
5 — 3wy + 2(u)°
And
4= 4usp + epy(u)? — 3(u)*
{(uy — W)Y

v for a fixed value of parameter 1, the mean, skewness, kurtosis, and standard deviation decreases when the

sk(x) = s

kurt(x) = s

values of the parameters ¢ and vincreases.

Table 1. First Six Negative moments, CV, skewness, and kurtosis of ET — XIE distribution

v=25
Moments (=15 (=25 | (=35 [{=45 (=55 | (=85 | (=100

ulq 0.2197 0.3065 0.3365 0.3518 0.3612 0.3755 0.3793
ul, 0.1333 0.2156 0.2473 0.2642 0.2747 0.2911 0.2955
Uz 0.1417 0.2436 0.2850 0.3076 0.3217 0.3440 0.3501
Uy 0.2148 0.3787 0.4472 0.4848 0.5086 0.5462 0.5564
uls 0.4190 0.7470 0.8859 0.9626 0.0112 1.0883 1.1094
Uulg 0.9940 1.7810 2.1162 2.3019 2.4199 2.6070 2.6584
SD 0.2916 0.3488 0.3662 0.3748 0.3798 0.3874 0.3894

Skewness | 3.0268 2.4260 2.2725 2.2012 2.1593 2.0974 2.0830

kurtosis 16.8579 11.8302 10.7454 10.2513 9.9876 9.5935 9.4908
Ccv 1.3273 1.1380 1.0881 1.0652 1.0514 1.0318 1.0266

v' From Table 1, it could be seen that the parameter value of { increases for a fixed value of parameter v. The
standard deviation of the ET-XIE distribution increases, the value of kurtosis, standard deviation and
skewness decreases.

Consequently, an expression for the incomplete moments is derived as follows
t

6, = Jxr fer—xig(x)dx (21)
Inserting (11) in (21) we have
* 1 +1 3
6= - 1)vz l (—) f X2 e DT gy (22)
1=0 ¢ o
By letting y = v(l + Dx™Y,x = y~v(l + 1), and dx = v(l + 1)y~2dy in (22), we have
® 1+1 t
5= -1yl (?) wl+ Dy 2 f YT eV dy (23)

=0 —0

Finally, we have
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+1

o /1
5= - l)vz ! <3) Wl + D) 2@ —7) (24)

=0

by taking r = 1we get the first incomplete moment of the ET — XIL distribution as

W= - 1)vz ! (%)m wd+ DY@ v+ DY) (25)
1=0
It should be noted that (25) is an important expression that can be used to derive both the Bonferroni and Lorenz
curves
3.2 The moment generating function and characteristic function.

Using the e”* = ¥, trxr/

1> We can derive an expression for the moment generating function based on the

7" moment of the ET — XIL distribution as

[oe]

My(©) = EX) = ) e™ fyr xp()dx  (26)

0
Then, we have

I+

oo 1 1 .
M =C=Dw Y 1(5) /e Dy EG- @)

1=0
consequently, we can also derive an expression for the characteristic function of the ET — XIE distribution

based on the " moment of the ET — XIE distribution as

[oe]

0,(0) = EE™) = ) e fr_y,()dx,  (28)

0

* L oy
- 1)vz ! (?) @) o+ D)y-2r@ -
=0

34 Mean residual life of the ET — XIL
The mean residual life (MRL) at a given time t is used to obtain the average time remaining for an individual

who have attained age t. It is defined as
. t
m(t) = % f tf(t)dt — t(26)

1 A
@ - Dv((—e )Zf‘;ol(z) fw(l + D} T2 v + D™D

—t
{[1—e»7]
3.5 The Average waiting time of ET — XIL
The average waiting time (AWT) of an item failed within an interval [0, t] is defined by
" 0
u(t) =t—|—= | tf(t)dt 27
f©) = ¢~ |7 [ ££© @7)
t

The average waiting time of ET — XIE is given by
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€= Du(e-e )2l (2) T W+ D@ va + DY
e (- 1)

A =t—

3.6 Lorenz curve

The Lorenz curve gives visual representation of inequality. According to [14] is defined as

L) = = [ @ 28)
E(x) )

NS
S20l(;) U+ DYIT@v+ D

- 1 l+1 _
2l(3) a4y
3.7 Bonferroni curve

[10] developed a curve that may be obtained by using the relation

- L(p)

S 29

Using (28) and (7) in (29), we derived an expression for the Bonferroni curve of ET — XIL distribution as
_ 1+1
C-e™)El(}) W+ DY@+ D
c= . G
e - DIR () W+ DY

It can be seen that the Gini index can be obtained as the ratio of the area between the line of equality and the

Lorenz curve to the total area under the line of equality.
3.8 Probability Weighted Moments (PWMs)
PWMs can be used for the estimation of parameters of distributions. For any given random variable X, the

PWMs, denoted by ¢, , for the ET — XIL can be derived using the following relation

¢rs = E[x"(F(x))®] = J X" fer—x1g(X) (Fer—xig(x))* dz (30)

Plugging (6) and (7) in (30), followed by algebraic manipulation, we have

[ee]

-1
— g** r—a-1 X
¢rs =19 X 1+

—-[n(g+y+1)+1]
W )

dx (31)

Where
N p+q+1y\/s\mp
9" = (0= Dnowy™ Y (=17 ( )C)
= q p (1_7)
p=q=v
Using the same substitution for moments, we have
¢rs =19"B(Al—-r,n(q+v+1)+71) (32)
IV.  Maximum Likelihood estimation

Maximum likelihood estimation is defined as a method where the values of the unknown parameters of a

distribution are estimated by maximizing the likelihood function of the distribution. Mathematically, given a
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sample of data Xy = Xyq, Xn2, Xn3, -, X and a probability distribution f(Xy/Qy) where Qy are unknown

parameters, the likelihood function is represented as

L(Qpy,xy) = HfET—XIE(xN) (33)

i=1

And the log-likelihood function

l(Qy, xy) = logL(Qy, xy) = log [H fET—XIE(xN)} (34)

i=1

Inserting (6) in (34) we have

n n n
l=log{vi({—1)}— ZZ log(x) + va - ZZ(( - e‘”"_l) (35)
i=1 i=1 i=1
The detailed description of the maximum likelihood (ML) technique and associated procedures exist in literature
contains.

V. Applications (CAIC), Kolmogorov Smirnov (KS), and Cramer-
In this section, we examine the fit of the von Mises (CM) statistic. In general, the smaller the
ET-XIE and its sub-model with two data sets. We value of the information criteria, the better the
measure how well the ET-XIE distribution performs model fit to the data. The data set is on fracture
compared to the Inverse Exponential distribution. toughness of silicon nitride measured in MPa m 1/2.
We obtain the values of the estimates of the The data set was also analyzed by [25] and also by
parameters by using the MLE technique and [1]. From Table 2, it will be observed that the data is
assessed the goodness-of-fit by using the following negatively skewed, under-dispersed. Figure 3b

information criteria; Akaike information criterion shows that the data exhibits increasing failure rate.

(AIC), Consistent Akaike information criterion

Table 2. Exploratory data analysis of Silicon data
min Q1 q, qs Mean Max. Kurtosis Skewness variance
1.68 3.850 |4.380 | 5.0 4.325 6.810 3.093 -0.4167 1.0373
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Violin density for the Silicon data
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Figure 3. Kernel density, TTT, and Violin plots for the Silicon data

Model | A b 1 AIC BIC CAIC K CvM
ET-XIE | -0.0091 | 19.8767 | 200.499 | 404.997 | 410.556 | 405.101 | 0.1679 | 0.0675
(0.0034) | (1.5367)
IE - 4.022 294.181 | 590.361 | 593.140 | 590.395 | 0.4606 | 0.7996
=) | (1.2734)

Based on the values of the AIC, BIC, CAIC, K and
CvM, it can be concluded that the ET-XIE
distribution has a better fit than its baseline model.

VI. Conclusion

We developed a four-parameter model
called as the ET-XIE distribution and examined
relevant statistical properties. Quantile function,
moments, Incomplete moments, moment generating
and characteristics functions, average waiting time,
mean residual life, Lorenz and Bonferroni curves
and Probability weighted moments. We recommend
that ET — XIE model for wider application in areas
like biological and physical sciences.
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  ET − XIE


  F ( x ; 𝜁 ) = 1 −   𝜁 ( 1 − G ( x ) )  𝜁 − G ( x )                             ( 1 )


  f ( x ; 𝜁 ) =   𝜁  ( 𝜁 − 1 ) g ( x )     ( 𝜁 − G ( x ) ) 2                               ( 2 )


  x


    G  I E  ( x ; v ) =   e  − v   x  − 1 , x > 0 ;   v > 0                       ( 3 )


      G -  I E ( x ; v ) = 1 −   e  − v   x  − 1 , x > 0 ;   v > 0                   ( 4 )


    g  I E  ( x ; v ) = v   x  − 2   e  − v   x  − 1   x > 0 ;   v > 0                                       ( 5 )


  𝜌


    f  E T − X I E  ( x ) = 𝜁  ( 𝜁 − 1 ) v   x  − 2   e  − v   x  − 1    ( 𝜁 −   e  − v   x  − 1 )  − 2 ,             x > 0 ;   𝜁 ,   v > 0             ( 6 )


    F  E T − X I E ( x ; 𝜁 , v ) = 1 −   𝜁  [ 1 −   e  − v   x  − 1 ]  𝜁 −   e  − v   x  − 1                                 ( 7 )


    s  E T − X I E ( x ; 𝜁 , v ) = 1 − F ( x ; 𝜁 , v ) =   𝜁  [ 1 −   e  − v   x  − 1 ]  𝜁 −   e  − v   x  − 1 ,                                                           ( 8 )


   h  E T − X I E ( x ; 𝜁 , v ) =   𝜁  ( 𝜁 − 1 ) v   x  − 2   e  − v   x  − 1    ( 𝜁 −   e  − v   x  − 1 )  − 1  𝜁  [ 1 −   e  − v   x  − 1 ] ,                                             ( 9 )


   h  E T − X I E ( x ; 𝜁 , v ) =   𝜁  ( 𝜁 − 1 ) v   x  − 2   e  − v   x  − 1    ( 𝜁 −   e  − v   x  − 1 )  − 1  𝜁  [ 1 −   e  − v   x  − 1 ] ,                                             ( 9 )


    H  E T − X I E ( x ; 𝜁 , v ) =   f ( x ; 𝜁 , v )  F ( x ; 𝜁 , v ) =   𝜁 v   x  − 2   ( 𝜁 −   e  − v   x  − 1 ) .                                                           ( 10 )


  𝜁


  v


  s ( x )


  h ( x )


  E T − X I E


  1 −   𝜁  [ 1 −   e  − v   x  − 1 ]  ζ −   e  − v   x  − 1 = u


  E T − X I E


  x =    [ −  1  v l o g  (  ζ  ( 1 − u ) + ζ ) ]  − 1                                                                                                                       ( 11 )


  u


  0<u<1


  ET-XIE


  u=0.25, 0.5


  0.75


   1     ( 1 − x ) h =   ∑  v = 0 ∞  v   x  v − 1                                   ( 12 )


      𝜁  − 2  ( 1 −    1  𝜁 e  − v   x  − 1 )  − 2 =   𝜁  − 2   ∑  l = 0 ∞  l    (  1  𝜁 )  l   e  − v l   x  − 1


    f  E T − X I E  ( x ) =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1   x  − 2   e  − v ( l + 1 )   x  − 1 .                         ( 13 )


  E T − X I E


  v ( l + 1 )


  X


  E T − X I E


    r  t h


  X


  E  (   X  r ) =   𝜇  r ′ =   ∫  − ∞ ∞    x  r   f  E T − X I E  ( x ) d x                                     ( 14 )


  E (   X  r ) =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1   ∫  − ∞ ∞    x  r − 2   e  − v ( l + 1 )   x  − 1   d x ,           ( 15 )


  y = v ( l + 1 )   x  − 1 , x =   y  − 1 v ( l + 1 ) ,


  x = v ( l + 1 )   y  − 2 d y


    𝜇  r ′ =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  r − 2   ∫  − ∞ ∞    y  2 − r   e  − y   d y         ( 16 )


    𝜇  r ′ =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  r − 2 𝛤  ( 3 − r )     ( 17 )


  r = 1


  E T − X I L


    𝜇 1 ′ =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1                     ( 18 )


  r = 2 ,


    𝜇 2 ′ =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1                                     ( 19 )


  E T − X I L


  V ( X ) = E  (   x 2 ) − E    ( x ) 2


  V ( X ) =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1 −    {  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1 } 2     ( 20 )


  E T − X I P L


  s k ( x ) =     𝜇 3 ′ − 3   𝜇 1 ′   𝜇 2 ′ + 2    (   𝜇 1 ′ ) 3    (   𝜇 2 ′ −    (   𝜇 1 ′ ) 2 )  3 2


  k u r t ( x ) =     𝜇 4 ′ −   4 𝜇 3 ′   𝜇 1 ′ + 6   𝜇 2 ′    (   𝜇 1 ′ ) 2 − 3    (   𝜇 1 ′ ) 4     {  (   𝜇 2 ′ −    (   𝜇 1 ′ ) 2 ) } 2


    𝜂


  𝜑


  v


  E T − X I E  


  v = 2 . 5


  𝜁 = 1 . 5


  𝜁 = 2 . 5


  𝜁 = 3 . 5


  𝜁 =


  𝜁 = 5 . 5


  𝜁 = 8 . 5


  𝜁 = 10 . 0


    𝜇  − 1 ′


    𝜇  − 2 ′


    𝜇  − 3 ′


    𝜇  − 4 ′


    𝜇  − 5 ′ 


    𝜇  − 6 ′ 


  𝜁


  v


    𝛿  r ′ =   ∫  − ∞  t    x  r   f  E T − X I E  ( x ) d x                                     ( 21 )


    𝛿  r ′ =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1   ∫  − ∞  t    x  r − 2   e  − v ( l + 1 )   x  − 1   d x ,           ( 22 )


  y = v ( l + 1 )   x  − 1 , x =   y  − 1 v ( l + 1 ) ,


  x = v ( l + 1 )   y  − 2 d y


    𝛿  r ′ =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  r − 2   ∫  − ∞  t    y  2 − r   e  − y   d y         ( 23 )


    𝛿  r ′ =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  r − 2 𝛤  ( 3 − r )     ( 24 )


  r = 1


  E T − X I L


    𝜇 1 ′ =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1 𝛤  ( 2 ; v ( l + 1 )   t  − 1 )         ( 25 )


    e  t X =   ∑  r = 0 ∞        t  r x  r  r !


    r  t h


  E T − X I L


    M  Z  ( t ) = E  (   e  t X ) =   ∑ 0 ∞    e  t X   f  E T − X I E  ( x ) d x                   ( 26 )      


    M  Z  ( t ) =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1       t  r  r !  { v ( l + 1 ) }  r − 2 𝛤  ( 3 − r )                   ( 27 )


  E T − X I E


    r  t h


  E T − X I E


   Ω  z  ( t ) = E  (   e  i t z ) =   ∑ 0 ∞    e  i t z   f  E T − X I L  ( x ) d x ,                               ( 28 )


  =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1       ( i t )  r  r !  { v ( l + 1 ) }  r − 2 𝛤  ( 3 − r ) .  


  =  ( 𝜁 − 1 ) v   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1       ( i t )  r  r !  { v ( l + 1 ) }  r − 2 𝛤  ( 3 − r ) .  


  𝑬 𝑻 − 𝑿 𝑰 𝑳


  t  


  t


  m  ( t ) =  1  R ( t )   ∫  − ∞  t  t f  ( t ) d t − t ( 26 )


  =    ( 𝜁 − 1 ) v  ( ζ −   e  − v   x  − 1 )   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1 𝛤  ( 2 ; v ( l + 1 )   t  − 1 )  𝜁  [ 1 −   e  − v   x  − 1 ] − t


  =    ( 𝜁 − 1 ) v  ( ζ −   e  − v   x  − 1 )   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1 𝛤  ( 2 ; v ( l + 1 )   t  − 1 )  𝜁  [ 1 −   e  − v   x  − 1 ] − t


  𝑬 𝑻 − 𝑿 𝑰 𝑳  


  [ 0 , t ]


    𝜇 -  ( t ) = t −  [  1  F  ( t )   ∫  t 0  t f  ( t ) d t ]                                   ( 27 )


  E T − X I E


    𝝁 -  ( 𝒕 ) = 𝒕 −  {    ( 𝜁 − 1 ) v  ( ζ −   e  − v   x  − 1 )   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1 𝛤  ( 2 ; v ( l + 1 )   t  − 1 )    e  − v   x  − 1  ( ζ − 1 ) }


  Լ  ( p ) =  1  E ( x )   ∫ 0  t  x f  ( x ) d x                                     ( 28 )


  =     ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1 𝛤  ( 2 ; v ( l + 1 )   t  − 1 )    ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1


  =     ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1 𝛤  ( 2 ; v ( l + 1 )   t  − 1 )    ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1


  ℬ 𝒞 =   Լ  ( p )  F ( x ) ,                                                   ( 29 )


  E T − X I L


  ℬ 𝒞 =    ( 𝜁 −   e  − v   x  − 1 )   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1 𝛤  ( 2 ; v ( l + 1 )   t  − 1 )    e  − v   x  − 1  ( 𝜁 − 1 )   ∑  l = 0 ∞  l    (  1  𝜁 )  l + 1    { v ( l + 1 ) }  − 1


  X ,


  P W M s ,


    𝜙  r , s


  E T − X I L


    𝜙  r , s = E  [   x  r   ( F ( x ) )  s ] =   ∫  − ∞ ∞    x  r   f  E T − X I E ( x )   (   F  E T − X I E ( x ) )  s d z                   ( 30 )


    𝜙  r , s =   𝜗  ∗ ∗   ∫  − ∞ ∞    x  r − 𝛼 − 1    ( 1 +     x  − 1  w )  − [ 𝜂 ( q + y + 1 ) + 1 ] d x                             ( 31 )  


    𝜗  ∗ ∗ =  ( 𝜑 − 1 ) 𝜂   ( 𝜑 w )  − 1   ∑  p = q = v ∞    ( − 1 )  p + v  (   p + q + 1  q )  (   s  p )  (   p  v )


    𝜙  r , s = r   𝜗  ∗ ∗ B  ( 1 − r , 𝜂 ( q + v + 1 ) + r )                       ( 32 )  


    X  N =   x  N 1 ,   x  N 2 ,   x  N 3 , … , x


  f  (     X  N   Ω  N )


   Ω  N


  L  (  Ω  N ,   x  N ) =   ∏  i = 1  n    f  E T − X I E (   x  N )                                               ( 33 )


  l  (  Ω  N ,   x  N ) = l o g L  (  Ω  N ,   x  N ) = l o g  {   ∏  i = 1  n    f  E T − X I E (   x  N ) }                     ( 34 )


  l = l o g  { v 𝜁  ( 𝜁 − 1 ) } − 2   ∑  i = 1  n  l o g ( x ) + v   ∑  i = 1  n  x − 2   ∑  i = 1  n   ( 𝜁 −   e  − v   x  − 1 )       ( 35 )


    q 1


    q 2


    q 3


  −


  ( − )


  ( − )


  E T − X I E

