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Abstract 

This paper presents a numerical procedure for solving the nonlinear kinematic equations of a closed-loop 

planar mechanism using the Newton–Raphson algorithm. The input rotation angle θ₁ is selected as the driving 

parameter and is swept over the range 180°–90°. The unknown variables include the joint angles θ₂ and θ₃, the 

slider displacement s, and the coordinates of the point of interest (x₃, y₃). The constraint equations are 

formulated from loop-closure conditions and a distance constraint, while the Jacobian matrix is derived 

explicitly with respect to the unknown variables. The Newton–Raphson algorithm, combined with a stepwise 

initialization strategy (continuation), demonstrates fast, stable, and continuous convergence over the entire θ₁ 

range, including the near-singular region where θ₃ approaches 0°. The numerical results are consistent with the 

geometric behavior of the mechanism and satisfy the requirement of scientific reproducibility. 

Keywords: Newton–Raphson; nonlinear kinematics; closed-loop equations; Jacobian matrix; planar 

mechanism. 

I. Introduction 

Planar closed-loop mechanisms are widely used in 

machinery and robotics. Position kinematic 

analysis of such mechanisms often leads to systems 

of nonlinear equations that are difficult to solve 

analytically. The Newton–Raphson (NR) method is 

widely used because of its fast convergence when 

appropriate initial guesses are provided. However, 

NR is sensitive to the initial values and may 

encounter difficulties near singular configurations, 

where the Jacobian matrix becomes ill-conditioned. 

Therefore, a clear formulation of constraint 

equations, an explicit derivation of the Jacobian 

matrix, and the presentation of the iteration history 

are essential for assessing the reliability of the 

numerical model. 

II. Theoretical Background and Numerical 

Method 

2.1. Model and Problem Variables 

 
Figure 1. Planar mechanism 

The planar mechanism considered in this study is 

shown in Fig. 1 and consists of nodes and 

connecting links. Node 1 and Node 4 are fixed 

nodes, whereas Node 2, Node 3, and Node 5 are 

moving nodes. The input rotation angle θ₁ is treated 

as a known parameter. The vector of unknown 

variables is selected as 
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where θ₂ and θ₃ are the angles of the intermediate 

links, and s denotes the slider displacement of 

Node 5 along the x-direction. 

2.2. Newton–Raphson Algorithm 

The nonlinear constraint system can be expressed 

as 

 

At iteration k: 

 

2.3. Stepwise Initialization Strategy 

(Continuation) 

To ensure convergence over the entire θ₁ range, the 

converged solution from the previous step is used 

as the initial estimate for the next step: 

 

2.4. Convergence Criteria 

The solution is considered converged when the 

following conditions are simultaneously satisfied: 

‖F‖₂ < εF, ‖Δq‖₂ < εq, 

where εF, εq ∈ [10⁻⁸, 10⁻¹⁰]. 

III. Formulation of Constraint Equations and 

the Jacobian Matrix 

3.1. Loop-Closure Equations 

 

Φ₁ = x₁ + L₁₂ cos θ₁ + L₂₃ cos θ₂ + L₃₄ cos θ₃ − x₄ = 

0 

Φ₂ = y₁ + L₁₂ sin θ₁ + L₂₃ sin θ₂ + L₃₄ sin θ₃ − y₄ = 0 

3.2. Distance Constraint 

Coordinates of Node 3: 

x₃ = x₁ + L₁₂ cos θ₁ + L₂₃ cos θ₂, 

y₃ = y₁ + L₁₂ sin θ₁ + L₂₃ sin θ₂ 

Distance constraint between Node 3 and Node 5: 

Φ₃ = (x₃ − (x₅,₀ + s))² + (y₃ − y₅,₀)² − L₃₅² = 0 

3.3. Jacobian Matrix 

The derivatives are given by: 

 

Let d = r₃ − r₅, u⊥(θ₂) = [−sin θ₂, cos θ₂]ᵀ, then: 

 

Thus 

 

3.4. Numerical Example  

3.4.1 Initial geometric parameters 

• Fixed points: 

r₁ = (x₁, y₁) = (3, −5),r₄ = (x₄, y₄) = (6, 7), r₅,₀ = 

(x₅,₀, y₅,₀) = (−5, 7). 

• Link lengths: 

L₁₂ = 3, L₂₃ = 9.5, L₃₄ = √[(6 − 0)² + (7 − 4.5)²] 

= √42.25 = 6.5. 

• Initial configuration: 

θ₁ = π (180°) ⇒ r₂ = (0, −5) 

θ₂ = π/2 (90°) ⇒ r₃ = (0, 4.5) 

• Length of link 3–5: 

L₃₅ = ‖r₃ − r₅,₀‖ = √[(0 − (−5))² + (4.5 − 7)²] = √31.25 ≈ 5.59017. 

• Slider direction: 

α = 0 ⇒ tα = (1, 0) ⇒ r₅ = r₅,₀ + stα = (x₅,₀ + s, y₅,₀). 
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3.4.2 Newton–Raphson iteration for θ₁ = 170° 

 

With θ₁ = 170°: cos θ₁ ≈ −0.984807753, sin θ₁ ≈ 0.173648178. 

• A = x₁ + L₁₂ cos θ₁ = 3 + 3(−0.984807753) = 0.045576741 

• D = y₁ + L₁₂ sin θ₁ = −5 + 3(0.173648178) = −4.479055466 

a. Iter 0 

θ₂ = 90°, θ₃ = 22.619865°, s = 0 (which means that Node 5 remains at r₅,₀.) 

• cos θ₂ = 0, sin θ₂ = 1 ⇒ B = 9.5 x 0 = 0, E = 9.5 x 1 = 9.5. 

• cos θ₃ = 6/6.5 = 0.923076923 ⇒ C = 6.5 x 0.923076923 = 6.0. 

• sin θ₃ = 2.5/6.5 = 0.384615385 ⇒ F = 6.5 x 0.384615385 = 2.5. 

Φ₁, Φ₂: 

Φ₁ = A + B + C − x₄ = 0.045576741 + 0 + 6 − 6 = +0.045576741. 

Φ₂ = D + E + F − y₄ = −4.479055467 + 9.5 + 2.5 − 7 = +0.520944533. 

Φ₃: 

x₃ = A + B = 0.045576741, y₃ = D + E = 5.020944533, r₅ = (−5, 7). 

dₓ = x₃ − (−5) = 5.045576741. 

dᵧ = y₃ − 7 = −1.979055467. 

Φ₃ = dₓ² + dᵧ² − L₃₅² = 5.0456² + (−1.9791)² − 31.25 ≈ −1.875494810. 

 

Jacobian (Iter 0) 
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b. Iter 1 

θ₂⁽¹⁾ = θ₂ + Δθ₂ = 90 + 1.583999 = 91.583999°.  

θ₂⁽¹⁾ = 91.583999°, θ₃⁽¹⁾ = 17.645211°, s⁽¹⁾ = −0.448492. 

x₃ = −0.217026785,  y₃ =  5.017314334. 

 

Jacobian (Iter 1) 

 

 

 

c. Iter 2 

 

x₃ = −0.190477092, y₃ = 5.018011374. 
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Jacobian (Iter 2) 

 

 

d. Iter 3 

 

 

 

Jacobian (Iter 3) 

 

Δθ₂ ≈ −3.93 × 10⁻⁸ °, Δθ₃ ≈ −4.46 × 10⁻⁷ °, Δs ≈ +1.978 × 10⁻⁷ mm. 

At Iteration 3, the solution can be considered practically converged because This value is negligibly 

small compared with the geometric dimensions of the mechanism. 

 

 

 

Table 1: Kinematic solutions of the mechanism at different input angles θ₁ 
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IV. RESULTS AND DISCUSSION 

4.1. Solution Characteristics with Respect to the 

Input Angle θ₁ 

The computational results show that the solution of 

the constraint-equation system varies continuously 

and stably as the input angle θ₁ decreases from 

180° to 90°. The joint angle θ₂ increases 

monotonically, whereas θ₃ decreases markedly and 

approaches 0° in the interval θ₁ ≈ 110°–100°. This 

trend clearly reflects the geometric relationship 

among the links in the closed-loop mechanism, in 

which the motion of the driving link is 

compensated by the intermediate links to satisfy the 

loop-closure conditions. 

The tendency of θ₃ to approach a very small value 

indicates that the mechanism is approaching a near-

collinear configuration. Such configurations are 

commonly regarded as near-singular kinematic 

regions, where the Jacobian matrix tends to become 

ill-conditioned. Similar behavior has been reported 

in classical studies on planar mechanism analysis 

and parallel mechanisms. 

4.2. Convergence Analysis of the Newton–

Raphson Method 

Over the entire investigated θ₁ range, the Newton–

Raphson method converges within approximately 

3–6 iterations, which is consistent with the 

quadratic convergence behavior of the algorithm 

when the initial estimate lies within the local 

convergence domain. The number of iterations 

tends to increase slightly as θ₃ approaches 0°, 

reflecting the deterioration of the conditioning of 

the Jacobian matrix. 

This result agrees with the observations of 

Nikravesh (1988) and Haug (1989), who noted that 

Newton–Raphson can still converge near singular 

regions if: 

• the initial estimate is sufficiently close to 

the actual solution, 

• and the input parameters are varied in 

sufficiently small steps (continuation). 

In this study, using the solution from the previous 

θ₁ step as the initial value for the subsequent step 

enables the algorithm to follow the same geometric 

solution branch and avoid branch switching. 

4.3. Comparison with Previous Studies 

4.3.1. Comparison with Classical Studies on 

Planar Mechanisms 

Compared with the kinematic analysis models 

presented in the classical textbooks and works of 

Erdman and Sandor (1997) and Norton (2004), the 

formulation of loop-closure equations and their 

solution using Newton–Raphson in this study are 

theoretically consistent. However, the distinctive 

aspect of this paper is that it explicitly presents the 

iterative procedure and convergence history, which 

are often discussed only in general terms in many 

references. 

These authors also emphasized that Newton–

Raphson is a standard tool for position analysis of 

mechanisms but must be applied carefully near 

singular regions. The results of the present study 

confirm this observation and demonstrate that 

continuation is an effective remedy. 

4.3.2. Comparison with Studies on Closed-Loop 

Mechanisms and Parallel Robots 

In studies of parallel robots and multi-loop 

mechanisms, such as those by Merlet (2006) and 

Gosselin and Angeles (1990), Newton–Raphson is 

commonly used to solve inverse kinematic 

problems. These authors showed that, near singular 

configurations, the Jacobian matrix becomes ill-

conditioned, leading to slow convergence or failure 

if no supporting strategy is adopted. 
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The results of this paper show that although the 

mechanism approaches a near-singular state (θ₃ ≈ 

0°), the algorithm still converges stably owing to: 

• appropriate selection of the unknown 

variables (θ₂, θ₃, s), 

• explicit derivation of the Jacobian matrix, 

• and the continuation strategy based on the 

input angle. 

This is consistent with the trend in modern studies, 

where Newton–Raphson is combined with 

convergence-improvement techniques. 

4.3.3. Comparison with Alternative Numerical 

Methods 

Several recent studies have proposed polynomial 

continuation, homotopy, or hybrid analytical-

numerical methods to identify all geometric 

solutions of a mechanism at a given input angle. 

Compared with these methods, Newton–Raphson is 

limited in that it generally identifies only one 

solution branch depending on the selected initial 

estimate. 

However, for the simulation of continuous motion 

with respect to θ₁, as considered in this study, 

Newton–Raphson combined with continuation 

offers clear advantages in terms of: 

• low computational cost, 

• ease of implementation, 

• and the ability to track the desired 

physical solution branch. 

Therefore, the selected method is appropriate for 

the objective of trajectory-based kinematic 

analysis. 

V. Conclusion 

This paper has presented a complete formulation of 

the constraint equations, an explicit Jacobian 

matrix, and the application of the Newton–Raphson 

method to the nonlinear kinematic problem of a 

planar mechanism. The algorithm converges 

rapidly and stably and provides physically 

meaningful solutions over the entire θ₁ range, 

including the near-singular region. The results 

satisfy reproducibility requirements and are 

suitable for simulation, design, and further 

extension to velocity and acceleration analyses. 
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